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Abstract

There are two natural models of log-space computation for multi-output functions. In FL, alongside
the O(log(n))-bit work tape, we are given x on a read-only tape and must print f(x) to a write-only tape.
In inplaceFL, we are instead given x on a read/write tape and must mutate it into f(x). Historically,
while the latter model has seen extensive study in the algorithms community, all work of a complexity
theoretic nature has dealt solely with the former. This is not without reason: inplaceFL is unusually
sensitive to the input representation, making it a difficult and nonstandard class to study.

Nonetheless, in this work we demonstrate a number of interesting connections between in-place com-
puting and the broader complexity landscape. We begin by proving new structural results concerning
the power of inplaceFL:

• Under cryptographic assumptions, FL ̸⊆ inplaceFL. In fact, even uniform NC0
4 ̸⊆ inplaceFL.

• We have FL ⊆ inplaceFLS2P. Consequently, proving FL ̸⊆ inplaceFL would imply SAT /∈ L.

• Uniform NC0
2 ⊆ inplaceFL unconditionally.

We then show several applications to catalytic computing. Our main such result demonstrates that
any proof of CL ⊆ P must be non-relativizing, by using in-place tools to construct an oracle O such
that CLO = EXPO. This subsumes known results of oracles relative to which CLO = PSPACEO and
ZPPO = EXPO, respectively, answering an open problem raised in the survey of (Mertz B. EATCS).

∗This work is supported in part by the NSF under Grants Nos. CCF-2122230 and CCF-2312296, a Packard Foundation
Fellowship, and a generous gift from Google.

†Supported by an NSF Graduate Research Fellowship.
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1 Introduction

In complexity theory, when dealing with functions outputting multiple bits, the standard model for sublinear-
space computation is a transducer . The input is provided on a read-only tape, and the output must be
written to a write-only tape, with the aid of a (bounded-length) read/write work-tape. We refer to the class
of n-bit to n-bit functions computable by a logspace transducer as FL.

However, in the algorithms community, this is very often not what is meant when one says that a function
is computable with “sublinear space overhead”. When handling large amounts of explicit data, one may
not want to assume the existence of a separate write-only tape — rather, one wants to take the input in
read/write memory, manipulate it directly (while using very little extra memory), and return with the desired
output in its place. That is, we require the algorithm to replace the input with the output, using minimal
additional space overhead. Indeed, there has been substantial interest in such algorithms for functions such
as list sorting and other array permutations, fast Fourier transforms, and computational geometry (for a
discussion of some of this work, see Section 1.2). If we restrict our attention to functions which preserve
the length of the input, this notion of “in-place” complexity is well-defined and gives rise to an alternative
class of functions. For the purposes of this paper, we will refer to the class of length-preserving functions
computable in-place with logarithmic space overhead as inplaceFL.

The fact that inplaceFL has not been previously defined or studied from a structural complexity standpoint is
not an inexplicable oversight. Rather, there are several properties which make it difficult to approach using
standard tools. Chiefly, inplaceFL is highly sensitive to the input encoding: if the encoding is inefficient, it
may be possible for an in-place machine to free up a large amount of additional workspace by compressing
the input, and hence gain more computational power. This makes the class of problems unusually “brittle”,
as compared to more standard complexity classes: even trivial modifications such as padding the input with
0’s can vastly change the in-place complexity of a problem. This class is of course meaningful from an
algorithmic perspective — if a problem has a highly-compressible input representation, it really is possible
to solve explicit instances space-efficiently by doing the compression — but it is a priori unclear whether
complexity theoretic techniques are at all appropriate for handling it.

Recently, however, in-place algorithms have begun to be centrally relevant not just as an algorithmic ap-
plication, but as an intermediate tool in arguments involving the theory of catalytic computing . In the
model of catalytic logspace (corresponding to the class CL), a machine with a logarithmic-length work tape
has additional access to a poly-length “catalytic” tape, which starts arbitrarily initialized, and must be reset
after the computation. Several structural results for catalytic computing (for instance, the recent proofs of
BPCL = CL and NCL = CL [CLMP25; KMPS25], or the catalytic algorithm for bipartite matching [AM25])
have relied on a “compress-or-random” framework: if a segment of the catalytic tape has some unusual
property, then the algorithm can compress that portion of the tape, freeing up more work-space to perform
the computation. For these arguments, the relevant computational property of the compression scheme is
precisely such an in-place requirement: the algorithm must be able to mutate the segment of catalytic tape
to replace it by its compressed form, with only a small amount of additional space overhead. A major part
of these compress-or-random proofs generally consists of demonstrating that the requisite compression can
indeed be performed in-place.

In other words, regardless of whether the field of in-place algorithms should care about complexity theory, we
have a strong case that complexity theory should care about in-place algorithms. In this paper, we therefore
take a structural complexity perspective toward inplaceFL. We show that such an approach can be fruitful,
producing meaningful bi-directional implications between statements about in-place computing and those
about standard complexity classes. We further show a number of unconditional results, using complexity-
theoretic tools to place new classes of problems in inplaceFL (for instance, we use Reingold’s proof of SL = L
to show that NC2

0 ⊆ inplaceFL), and using in-place tools to give new results in structural complexity (for
instance, we use connections between in-place computing and network routing to construct an oracle such
that CLO = EXPO).
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1.1 Our Results

In this work we initiate the systematic and structural study of in-place space-bounded algorithms. Our
results can be broadly grouped into three categories:

i) relating questions about the strength of inplaceFL to standard complexity theoretic conjectures;

ii) using complexity theoretic techniques to exhibit new and surprising functions computable in-place; and

iii) using in-place computation to show barriers against proving CL ⊆ P.

1.1.1 Comparing inplaceFL to FL

Perhaps the most basic structural question about inplaceFL is how it compares to the standard notion of FL.
It is not difficult to see that there are problems solvable in inplaceFL but not FL:

Proposition 1.1. inplaceFL ̸⊆ FL.

However, whether the reverse inclusion holds is less obvious. We show that, under weak cryptographic
assumptions, this reverse implication — and in fact, something stronger — also fails. Let unifNC0

4 be the
set of functions computable by logspace-uniform constant-depth circuits of locality 4. We show that these
functions are unlikely to lie in inplaceFL:

Theorem 1.2. If there exists a one-way permutation computable in FL, then unifNC0
4 ̸⊆ inplaceFCL.

Here, inplaceFCL is the catalytic analgoue of inplaceFL (defined analogously, but with the addition of a poly(n)-
bit read/write catalytic tape that must be reset at the end of computation1). Since unifNC0

4 ⊆ FL ⊆ FCL,
Theorem 1.2 shows that basic cryptographic assumptions imply FL ̸⊆ inplaceFL.

However, we show that an unconditional separation would imply breakthrough separations of well-studied
classes:

Theorem 1.3. Every length-preserving function f ∈ FZPP can be computed in inplaceFLNP/ poly∩inplaceFLS2P.

Corollary 1.4. Assuming FCL ̸⊆ inplaceFL, then NP ̸= L.

Thus, the question of whether inplaceFL is strictly more powerful than L is inextricably related to standard
complexity theoretic conjectures.

1.1.2 Unconditional inclusions in inplaceFL and inplaceFCL

Beyond the question of standard versus in-place computation, we additionally demonstrate several uncon-
ditional inclusions of problems and classes in inplaceFL and inplaceFCL, making use of machinery developed
in standard space-bounded complexity. For instance, while evaluating uniform NC0

4 circuits is conditionally
ruled out for both classes by Theorem 1.2, locality 2 is unconditionally computable:

Theorem 1.5. unifNC0
2 ⊆ inplaceFL.

This result directly implies an in-place algorithm for evaluating (arbitrary-depth) uniform circuits of fan-in
two and width n + O(log n) (and see Theorem 6.2 for details).

With the addition of catalytic space, we also give in-place algorithms for linear algebra problems, with our
most fundamental being matrix-vector product, and by extension matrix-matrix product:

Theorem 1.6. For any field K representable in space O(log n), there is an algorithm in inplaceFLCL ⊆
inplaceFCL which, given read-only access to a matrix A ∈ Kn×n, replaces a vector x ∈ Kn with Ax in-place.

Corollary 1.7. For any field K representable in space O(log n), there is an algorithm in inplaceFLCL ⊆
inplaceFCL which, given read-only access to a matrix A ∈ Kn×n, replaces a matrix B ∈ Kn×n with AB
in-place.

1Note that this means FL ⊆ FCL and inplaceFL ⊆ inplaceFCL.
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Furthermore, with some more tricks from catalytic computing, which appear in Appendix B and may be of
independent interest, Corollary 1.7 allows us to invert matrices as well:

Corollary 1.8. For any field K representable in space O(log n), there is an algorithm in inplaceFLCL ⊆
inplaceFCL which replaces a matrix A ∈ Kn×n with A−1 in-place.

1.1.3 Applications of in-place techniques in catalytic computing

Finally, we apply our techniques and results to the standard model of catalytic logspace. We show two
barriers to resolving the question of whether CL ⊆ P. Recall that CL ⊆ ZPP ([BCKLS14]), so CL ⊆ P holds
under standard de-randomization assumptions, but this is not known unconditionally. Prior to this work
there were no explicit (non-promise) problems known to be in CL but not known to be in P. Thus, it was
unclear if we should expect CL ⊆ P to be a difficult problem to resolve. Our first and main result is an oracle
such that CLO ̸⊆ PO, which rules out a relativizing proof of CL ⊆ P:

Theorem 1.9. There exists an oracle O such that CLO = EXPO.

The existence of an oracle such that CLO = PSPACEO was demonstrated by Buhrman, Cleve, Kouckỳ,
Loff, and Speelman [BCKLS14], while Heller [Hel84] showed an oracle such that ZPPO = EXPO; our result
strengthens and unifies both of these.2 This also answers an open question by Mertz [Mer+23].

Second, we show the first explicit example of a problem in search-CL which we do not (immediately) know
how to compute in search-P. Our problem will be the LossyCode problem, introduced by Korten [Kor22a]
(see Section 3), as applied to a restricted class of circuits:

Theorem 1.10. Let C be the class of fan-in 2 layered circuits of width n + O(log n) and depth O(log n).
We have C-LossyCode ∈ searchCL.3

Assuming ZPP = P we immediately get both CL ⊆ P and deterministic algorithms for C-LossyCode (in fact,
P/poly-LossyCode) — Theorem 1.10 implies that the former result is at least as hard to prove as the latter.

1.2 Background and related work

1.2.1 In-place algorithms

There is a substantial amount of existing literature considering in-place algorithms for particular problems,
both in theory and in practice. The notion of “in-place” varies across the literature and does not always
coincide with our definition of inplaceFL. In particular, some papers use “in-place” simply to refer to FL,
while some papers allow in-place algorithms a write-only output tape as well as write access to the input.
(A notable variant of the latter idea is the “Restore” model of Chan, Munro, and Raman [CMR14; DG24a;
DG24b], where modifications to the input are allowed only if they are reverted by the end of the algorithm’s
runtime, a condition reminiscent of catalytic computing.) Let us briefly mention several existing lines of
work that follow our definition of in-place: namely, where the input must be overwritten by the output.

Sorting and array permutations. In-place computation has been a particular focus for sorting algorithms.
It is a classic result that an n-entry array of O(log n)-bit integers can be sorted in-place with O(log n) space
overhead in O(n log n) time — for instance, via heapsort. There has since been work giving in-place versions
of mergesort [Pas99; EM00; Fra04] and radix sort [FMP07], minimizing the number of moves needed for in-
place sorting [Rei92; KP99; FG05], and optimizing in-place sorting for practical hardware concerns [PSL10;
AS16]. In addition to sorting, time-space tradeoffs for other in-place list problems have been considered,
especially the problem of applying an arbitrary permutation (provided as auxiliary read-only input) [Mel79;
FMP95; EMR16; Guś19; DGP21]. There has also been recent work studying these problems in the “Parallel

2The definition of space-bounded oracles is known to be tricky. Our result (as does the prior result of [BCKLS14]) holds
with regard to the weakest such model, where we do not allow a separate query tape, and force the catalytic algorithm to only
make queries on subsets of its catalytic tapes (and see Section 3.1.1 for details).

3Note that searchCL means there is relation R on pairs (x, y), and given an input x the catalytic algorithm must write some
y for which (x, y) ∈ R to the output tape. This generalizes FCL, where there is a single valid output for each input x.
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In-Place” model, whereby the in-place computation is distributed across a large number of processors, which
must use small overhead space between them [AWFS17; OKFS19; KW20; GOS21; AWFS22; Pen23; HM25]
— in this setting, “in-place” can mean either polylog(n) or n1−ε space overhead.

Fast Fourier transforms. Another problem which has seen interest in time-efficient in-place computing is
the Fourier transform. The Cooley-Tukey fast Fourier transform algorithm can be implemented in-place for
inputs of power-of-two lengths [BE81; Tem91] — further work has also shown that the “truncated” FFT can
be implemented in-place for other input lengths [HR10; Arn13; Cox22], and found algorithms with better
performance on certain hardware [Heg94; DHD23].

Data compression. A natural problem to want to compute in-place is data compression and decom-
pression. Existing work here is often driven by practical applications. There have been papers discussing
in-place “delta compression” for version control [BSL03; KSS08], prefix codes which can be encoded and de-
coded in-place [MPL98; CMR14], and in-place implementations of the Burrows-Wheeler transform [CGKL15;
KHHS20].

Computational geometry. Some problems that lend themselves to in-place computation take the form
“permute a list of points so that the new ordering encodes some geometric structure”. There have been
several such problems considered — for instance, the problem of re-ordering points so that a prefix of them
forms a convex hull [BIKMMT02; BC04; BCC04; CC10], so that a prefix forms the “skyline” (i.e. points
which are not dominated in every coordinate by any other point) [BV10], or so that the permuted list can
serve as an efficient nearest-neighbours data structure [BCC04; CC08]. Here, again, time-space tradeoffs are
a major concern.

1.2.2 Catalytic computing

The model of catalytic space was introduced by Buhrman, Cleve, Koucký, Loff, and Speelman [BCKLS14]
as follows:

Definition 1.11. A language L belongs to CL if there exists a uniform algorithm with an n-bit read-only
input tape, a O(log n)-bit read/write worktape, and a poly(n)-bit read/write catalytic tape such that, on
every x, τ , if the input tape is initialized to x and the catalytic tape is initialized to τ , then the algorithm
terminates with an output of L(x), and the catalytic tape still in configuration τ .

Buhrman, Cleve, Koucký, Loff, and Speelman gave several structural results for this model: they showed
that CL contains (uniform) TC1 and is contained in ZPP, and gave oracles relative to which CLO = LO

and CLO = PSPACEO, respectively. Since then, there has been substantial interest in understanding this
class — recent papers have found catalytic algorithms for problems not known to be in TC1 [AM25;
AFMSV25], collapsed the randomized and nondeterministic versions of CL to CL [BKLS18; DGJST20;
CLMP25; KMPS25], and characterized how the class changes under weaker resetting requirements [BDRS24;
GJST24; FMST25]. There has also been interest in variants of the catalytic model in other settings, such as
branching programs [GKM15; Pot17; CM22; CM23], communication protocols [PSW25], and quantum com-
puting [BFMSSST25]. The underlying techniques behind this work has led to further applications in space-
bounded derandomization [LPT24; Pyn24; DPT24] and understanding the relationship between time and
space [CM20; CM21; CM24; Wil25]. Nevertheless, many questions about catalytic computing remain poorly
understood. The curious reader is referred to surveys of Koucký and Mertz for further background [Kou+16;
Mer+23].

1.3 Roadmap

In Section 2 we give sketches of the main proofs. In Section 3 we formally define in-place computation and
oracle in-place computation, and recall complexity background. In Section 4 we separate FL and inplaceFL,
conditional on crypographic assumptions. In Section 5 we give our oracle algorithm for computing FZPP
in inplaceFLO (showing that FL = inplaceFL if NP = L). In Section 6 we show how to use tools from
space-bounded complexity evaluate small-width circuits in inplaceFL. In Section 7 we give catalytic in-place
algorithms for matrix problems. In Section 8 we construct the oracle barrier to CL ⊆ P.
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2 Overview of proofs

2.1 Separating FL and inplaceFL

To give a function (unconditionally) in inplaceFL but not FL we can simply take a function requiring linear
space and apply it to the first 1% of the input bits — the remaining 99% of the input is useless to a FL
algorithm, but affords linear additional workspace to an inplaceFL algorithm. (In Section 4, we give a formal
proof of the slightly stronger statement that there exists a permutation in inplaceFL \ FL.) The same ideas
work directly for inplaceFCL and FCL, except that we do not know a uniform space hierarchy theorem for
CL, and so we require the additional assumption that CL ̸= PSPACE.

We then show that, under cryptographic assumptions, FL is likewise not contained in inplaceFL. This
follows from the observation that any permutation computable in inplaceFCL can be inverted in (randomized)
polynomial time on average. Thus, if there are one-way permutations computable in FL, any such function
is an example of something in FL \ inplaceFCL. The basic idea behind the inversion is to note that an
inplaceFCL machine using c catalytic space has only 2n+c+O(logn) possible internal configurations, and that
each of these is associated with at most one (input, initial catalytic setting) pair, since otherwise there would
either be two distinct inputs that result in the same intermediate configuration (violating the assumption
that we are computing a permutation) or two initial catalytic settings that result in the same intermediate
configuration (violating the catalytic resetting requirement). Thus, the number of intermediate configurations
that eventually result in a given output and catalytic setting is poly(n) on average, meaning that if we see a
random output and choose a random catalytic setting ourselves, we can likely invert in polynomial time by
traversing backwards through the configuration graph. We note that this is the same fundamental idea that
shows CL ⊆ ZPP [BCKLS14].

2.2 Computing FZPP in-place with an oracle

We next proceed to give oracle results demonstrating that an unconditional proof of FL ̸⊆ inplaceFL is out-
of-reach of current complexity theoretic techniques. Specifically, we construct a language O ∈ PH such that
(FL ⊆ FCL ⊆)FZPP ⊆ inplaceFLO. If SAT ∈ L, then the polynomial hierarchy collapses to L so an inplaceFL
algorithm could simulate the oracle itself4, meaning that we would have FL ⊆ inplaceFL.

The fact that there exists any decision oracle O such that FZPP ⊆ inplaceFLO is not a priori obvious. The
issue is that, although the oracle may be incredibly powerful, it can only return a single bit at a time, so
it must not only be powerful enough to compute any bit of the output function, but also able to help an
inplaceFL machine mutate the input to the output one-step-at-a-time without destroying crucial information.
The approach we use to achieve this comes from a connection to existing literature on network routing. In
a well-studied scenario, a collection of users each want to transfer a message to some other user, with the
constraint that users correspond to the vertices of a d-dimensional hypercube and messages may only be
passed along edges. It is a classic result that this is possible with only poly(d) congestion — i.e. only poly(d)
messages must pass through any given vertex or edge [Vöc01].

Although it originated from the goal of managing traffic in communication networks, this result directly
translates into a strategy for an oracle O in our model. Observe that we can think of the oracle as actually
returning O(log n) bits as opposed to 1, as the algorithm can specify which index into these O(log n) bits it
wants with each call and store the results in its workspace. Consider a routing strategy that lets each vertex
x send a message to the vertex f(x) at poly(n) congestion. The oracle will take as input an n-bit string
(which it will think of as the name of a vertex on the hypercube), and an additional O(log n)-bit tag (which
it will think of as specifying an index into the list of all messages that ever pass through that vertex). From
this, it can uniquely determine the message, which allows it to determine these values for the message one
timestep later in the routing. It then provides as a response to the algorithm the new tag and the index of
the bit to flip in the vertex name.

4We remark that, as with space-bounded computation in general, defining oracles for in-place computation requires care. In
particular, there are some models of oracle access for which it would not be obvious that O ∈ L implies inplaceFL = inplaceFLO.
The oracle model we work with, defined in Section 3, is such that this collapse property is immediate.
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The above argument yields some oracle with FZPP ⊆ inplaceFLO — Section 5 is dedicated to showing how to
adapt these ideas so as to implement such an oracle in low complexity. We show that this routing can be done
efficiently if we work in a random choice of basis. Then, we use tools from derandomization (including Li’s
beautiful FS2P algorithm for the range avoidance problem [Li24]) to make the oracle description constructive.

2.3 In-place algorithms for small width circuits

We then show an inplaceFL algorithm for any function with a (logspace uniform) NC0
2 circuit. The idea is to

compute the output bits in a particular order that allows us to erase the input bits fast enough to store the
results. As each output bit depends on only two input bits, we can think about such a circuit as an graph:
each of the n vertices corresponds to an input bit, and each of the n edges corresponds to some output bit,
computed as a function of its two endpoints. We can safely erase an input bit once all edges incident to its
corresponding vertex have been computed. One can see that, if we repeatedly take a vertex of minimum
degree, compute the values of all incident edges, and then erase the value of that vertex, the total number of
values we need to store at any point will be at most an additive constant larger than n. However, it is not
clear how to actually do the computational overhead of this process in low space — the bulk of our proof
consists of identifying a variant of this scheme that can be implemented using only logspace-computable
properties of the original graph at each step, crucially using the fact that we can compute a spanning forest
of a graph in logspace [NT95; Rei08].

Note that, given any (logspace uniform) list of functions that are each individually in inplaceFL, we can
compute their composition in inplaceFL by simply performing the transformations one-after-another. So,
this procedure also allows us to evaluate circuits of polynomial depth, as long as each layer has locality 2,
and the width is always bounded by n+O(log n). This gives us a CL algorithm solving LossyCode for circuits
of small width and depth: since CL can evaluate log-depth circuits, we can check whether a chunk of our
catalytic tape is successfully compressed and decompressed by the pair of circuits — if not we have found a
valid solution, and if so we can perform the compression in-place to free up additional workspace.

2.4 Computing linear transformations in-place

We next show new in-place algorithms for a basic linear algebraic problem: we can replace a vector x with
Ax in-place, given read-only access to some matrix A. Note that, as recently observed by Dumas and
Grenet [DG24b], if A is upper-triangular, the i-th coordinate of Ax depends only on xi, . . . , xn, so we can
replace coordinates of x with Ax one-at-a-time in order. A similar technique works if A is only almost upper-
triangular, meaning one additional diagonal is permitted to be non-zero. So, in order to give an algorithm
for general matrices, it suffices to efficiently work in a new basis under which A is almost upper-triangular.

We show how to find such a basis in catalytic logspace. We start with an arbitrary vector e and append
e,Ae,A2e, . . . to the basis until there is a linear dependence; we then start the process again with new vectors
e′ until the basis is complete. Given an index i, we observe that it is possible to compute the ith basis vector
in this list in logarithmic space given the ability to compute matrix ranks, which by Lemma 3.22 can be
done in FCL. This new basis makes A almost upper-triangular by construction. Using this procedure for
matrix-vector multiplication, the FCL algorithm for matrix inversion, and a compress-or-random argument
showing that we can reversibly manipulate the catalytic tape to contain a large invertible matrix, we are
then also able to perform matrix inversion in inplaceFCL.

2.5 A barrier to CL ⊆ P

Our final result is an oracle O such that CLO = EXPO. This improves upon the construction by Buhrman,
Cleve, Koucký, Loff, and Speelman of an oracle such that CLO = PSPACEO [BCKLS14] — one consequence
is that, by the time hierarchy theorem, our result rules out a relativizing proof of CL ⊆ P. Buhrman et
al.’s oracle construction follows a compress-or-random approach: given a string with very high Kolmogorov
complexity (a “password”), the oracle provides useful assistance in solving very hard problems, and given a
string with low Kolmogorov complexity the oracle helps the algorithm compress, and later decompress, the
string. Even with the compression oracle’s help, a PSPACE machine cannot produce a string with higher
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Kolmogorov complexity than its space bound, since its memory configuration after the final query before
printing that string provides a succinct representation — thus, if the requirement for Kolmogorov complexity
is high enough, the algorithm will never find a password. However, a CL machine with sufficient catalytic
space can find a password: it simply runs the oracle on its tape, either finding a password immediately or
compressing the tape contents until it can find a password by brute-force. Note that it is crucial for this
scheme that the compression and decompression be implementable in-place. This is achieved by appealing
to the chain rule for Kolmogorov complexity: if a string is very compressible, there must be some O(log(n))-
sized chunk that can be compressed conditional on the rest of the string — this compression can be done
in-place because the algorithm can store both the initial and final versions of that chunk simultaneously.

This approach is insufficient for our purposes, as an exponential-time machine with no space bound may
make use of a decompression oracle to generate queries of very high complexity. Instead of compressing
based on Kolmogorov complexity, our oracle makes use of our observed connections to network routing to let
the algorithm perform some more general types of in-place modifications to its catalytic tape. We once again
designate some strings as “passwords” — our goal is to design an oracle that takes in a string and provides
a single step of in-place modification to perform, such that repeatedly applying these transformations to
any initial configuration of a catalytic machine will eventually first pass through a password, and then
later eventually reset to the initial configuration. In order to design such an oracle that also prevents an
exponential-time algorithm from being able to find a password, we define a combinatorial game played
by a “cycle-finder” (representing a dovetailing enumeration of all exponential time oracle algorithms) that
adaptively chooses some configurations to query, and a “cycle-hider” (representing our oracle construction)
that responds with those configurations’ successors. We use ideas from randomized routing to describe a
strategy for the cycle-hider to win this game, and show that any such strategy gives our desired oracle
construction.

3 Preliminaries

We assume familiarity with the basics of Turing machines [AB09]. We write log x to denote the base-2
logarithm log2 x. We let Un denote the uniform distribution on {0, 1}n. For a language L, we let L(x)
denote the indicator I [x ∈ L].

3.1 Space-bounded classes

We recall the standard definition of space-bounded computable functions:

Definition 3.1. A function family {fn : {0, 1}n → {0, 1}m(n)}n∈N is in FSPACE[s(n)] if there is a Turing
machine M using s(n) bits of workspace such that, on any input x of size n, M(x) writes fn(x) to a
write-only output tape.

The model of catalytic space was introduced by Buhrman, Cleve, Koucký, Loff, and Speelman [BCKLS14];
again we define the functional version here:

Definition 3.2. A function family {fn : {0, 1}n → {0, 1}m(n)}n∈N is in FCSPACE[s, c] if there is a Turing
machine M using s bits of workspace as well as c additional bits of workspace, called the catalytic memory,
such that, on any input x of size n and any initial configuration τ of the catalytic memory, M(x) writes
fn(x) to a write-only output tape and halts with the catalytic memory in configuration τ .

Definition 3.3 (generalization of [CHR24]). A function family {fn : {0, 1}n → {0, 1}m(n)}n∈N is in FZPP if
there exists a polynomial time randomized algorithm A such that on input x ∈ {0, 1}n, A(x) outputs either
f(x) or ⊥ and the probability (over the internal randomness of A) that A(x) outputs f(x) is at least 2/3.

We now define in-place FSPACE and FCSPACE computation. Note that while we overwhelmingly work with
length-preserving functions, we give a definition that holds for compressing and extending functions.

Definition 3.4 (inplaceFSPACE). A function family {fn : {0, 1}n → {0, 1}m(n)}n∈N is in inplaceFSPACE[s]
if there is a Turing machineM that, when run on a tape in configuration x ◦ 0max{0,m(n)−n} ◦ 0s for n = |x|,
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halts with the tape in configuration fn(x) ◦ 1max{0,n−m(n)} ◦ 1s.

Definition 3.5 (inplaceFCSPACE). A function family {fn : {0, 1}n → {0, 1}m(n)}n∈N is in inplaceFCSPACE[s, c]
if there is a Turing machine M that, when run on a tape in configuration x ◦ 0max{0,m(n)−n} ◦ 0s ◦ τ for
n = |x| and any initial configuration τ ∈ {0, 1}c, halts in configuration fn(x) ◦ 1max{0,n−m(n)} ◦ 1s ◦ τ .

Throughout this paper, we will almost entirely focus on the case of logspace and catalytic logspace:

Definition 3.6. We define

• FL := ∪k∈N FSPACE[k log n]

• FCL := ∪k∈N FCSPACE[k log n, nk]

• inplaceFL := ∪k∈N inplaceFSPACE[k log n]

• inplaceFCL := ∪k∈N inplaceFCSPACE[k log n, nk]

3.1.1 Space-bounded oracle computation

The “correct” definitions of in-place (and catalytic) computation relative to oracles is non-obvious. First,
we recall the most common definition of oracles in the standard space-bounded model:

Definition 3.7. Let O : {0, 1}∗ → {0, 1} be any function. An FLO machine M is defined as an FL machine
with an additional write-only oracle tape as well as a read-only oracle output bit initialized to 0. In
addition to its normal operations,M may also perform an oracle query by transitioning to a special state
in the FSM, which reads the current contents y of the oracle tape, overwrites O(y) onto the oracle output
bit; and then erases the oracle tape.

For in-place computation (and indeed, for catalytic computation), this write-only query tape can be used
to persist intermediate data (for instance, the algorithm could write the input x to this query tape, modify
the read-write tape into x′, then append x′ to the query tape and query O(x, x′)). As such, we restrict our
in-place algorithms to only querying the oracle on its existing read-write tape:

Definition 3.8. Let O : {0, 1}∗ → {0, 1} be any function. An inplaceFLO machine M is defined as an
inplaceFL machine with an additional read-only oracle output bit initialized to 0. In addition to its normal
operations,M may also perform an oracle query on any subinterval T of the tape,5 which reads the current
contents y of T and overwrites O(y) onto the oracle output bit.

Note that as written, this restricts inplaceFL to making oracle queries of length n + O(log n). We view this
as the most natural model of in-place oracles. In fact, our oracle relative to which CLO = EXPO is also used
by the catalytic algorithm in this manner (i.e. it is only invoked on subsections of the input and catalytic
tapes).6

The most important property our oracle obeys is that it plays nicely with the oracle itself being computable
in logspace, which we require for our conditional separations:

Proposition 3.9 (Oracle Collapse). Suppose f ∈ inplaceFLO and O ∈ L (resp. O ∈ CL). Then f ∈ inplaceFL
(resp. f ∈ inplaceFCL).

Proof. For the first result, let M be the oracle machine that computes f , and A a logspace machine that
computes O. Then our new machineM′ emulatesM step-by-step, and when an oracle call is made on some
section π of the tape, pauses the simulation and simulates A(π) using an additional O(log n) bits of auxiliary
space; after A returns an answer, we continue running M. Our total space usage will be the space to run
M, namely n + O(log n) bits, plus an additional O(log n) bits for A, which gives n + O(log n) bits in total.

5We assume there is an oracle query state in the finite state machine, and the final 2⌈log(n + O(logn))⌉ bits of the tape
specify the interval of the query.

6A precise definition of oracles for CL has not been previously written down, but the oracle for which CLO = PSPACEO

of [BCKLS14] is also used in this fashion.
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For the latter result, when an oracle call is made on some section π of the tape, we pause the simulation and
use an additional O(log n) bits of auxiliary space and the catalytic tape to simulate A(π) (and note that by
the definition of CL this call terminates with the catalytic tape unmodified). ■

3.2 Circuit classes

We always work with the full basis Bk for circuits of fan-in k.

We slightly abuse notation and identify circuit classes with their functional versions.

Definition 3.10. We say f ∈ NCi if there is c > 0 and a family of circuits {Cn}n∈N where Ci has size nc

and depth c logi(n), and for every x ∈ {0, 1}i we have f(x) = Ci(x). We say a circuit family is logspace
uniform if there is an algorithm that on input 1i runs in space O(log i) and outputs Ci. We let unifNCi

denote logspace-uniform NCi.

Definition 3.11. We say f ∈ NC0
ℓ if each output bit of f is a function of at most ℓ input bits. (Equivalently,

f is computable by a depth-1 circuit of fan-in ℓ.)

For a class of circuits C, we let C-eval be the language {(C, x) : C ∈ C, C(x) = 1}.

3.3 Compression classes

The range avoidance problem, introduced in [KKMP21], can be viewed as an algorithmization of the
union bound.

Definition 3.12 ([KKMP21]). Let AVOID be the search problem whose input is a circuit C : {0, 1}n →
{0, 1}n+1, and whose valid outputs are y ∈ {0, 1}n+1 such that for all x ∈ {0, 1}n, C(x) ̸= y.

We further say a procedure solves single-value AVOID (svAVOID) if for every avoid instance C, there is
a single yC which is a solution to AVOID(C) such that the procedure always outputs yC on input C.

AVOID asks us to find a y which is avoided by the circuit C. Notice that such a y is guaranteed to exist by the
dual pigeonhole principle. Many explicit construction problems (e.g. the construction of hard truth tables)
reduce to AVOID [Kor22b]. We will use an AVOID oracle in Section 5 when we find that we need certain
advice strings which are guaranteed to exist by the probabilistic method, but are nontrivial to construct
explicitly. We will also crucially rely on the fact that AVOID (and in fact svAVOID) is in the class FS2P, and
consequently can be solved by its decision version (S2P).

Definition 3.13 ([CHR24]). A single valued FS2P algorithm A is specified by a polynomial ℓ(·) together
with a polynomial time verification algorithm VA(x, π1, π2). On an input x ∈ {0, 1}∗, we say A outputs yx,
if the following hold:

i) There is a π1 ∈ {0, 1}ℓ(|x|) such that for every π2 ∈ {0, 1}ℓ(|x|), VA(x, π1, π2) outputs yx.

ii) There is a π2 ∈ {0, 1}ℓ(|x|) such that for every π1 ∈ {0, 1}ℓ(|x|), VA(x, π1, π2) outputs yx.

And we say that A solves a search problem Π if on input x it outputs a string yx and yx ∈ Πx (where Πx is
the set of possible solutions on input x).

Definition 3.14 ([RS98]). A language L ⊆ {0, 1}∗ is in S2P if there exists a polynomial time verifier V such
that the following holds.

i) If x ∈ L, there exists a y such that for all z, V (x, y, z) = 1;

ii) If x /∈ L, there exists a z such that for all y, V (x, y, z) = 0.

Observe that S2P is contained in ΣP
2 ∩ΠP

2 . We will rely on the following breakthrough result to connect our
use of an AVOID oracle to FS2P.

Lemma 3.15 ([Li24]). There is a single-valued FS2P algorithm solving svAVOID.

9



Corollary 3.16. There is an FPS2P algorithm which solves svAVOID.

Proof. Let VA(x, π1, π2) be the verifier that confirms svAVOID is in FS2P. Note that if we structure svAVOID
as a decision problem, where on input (C, i) the output is the ith bit of the canonical solution yC , then
this problem is in S2P. The verifier V ′((C, i), π1, π2) that proves this simply outputs whether bit i of
V (C, π1, π2) = yC is 1. Therefore, there is an FPS2P algorithm which on input C outputs yC . ■

On occasion, it will be useful to think of the input and output of a circuit C : [A] → [B] we feed to
an AVOID oracle as integers rather than bitstrings. We now argue that this is almost without loss of
generality. We can always take a circuit C : [A] → [B] and turn it into a circuit which works over bits
C ′ : {0, 1}⌈log2(A)⌉ → {0, 1}⌊log2(B)⌋ by defining C ′(x) = bitstring(C(int(x))) for all x where int(x) < A
and C(int(x)) < 2⌊log2(B)⌋, and C ′(x) = 0⌊log2(B)⌋ otherwise (here bitstring(·) is the canonical map from
integers to bitstrings and int(·) is its inverse). C ′ may be slightly less expanding than C, but if B/A ≥ 8,
then C ′ still expands by at least 1 bit and will therefore be a valid input to AVOID. This also works for
C : [A1]× · · · × [At]→ [B1]× · · · × [Bt] if we simply reinterpret C as C : [A1 × · · · ×At]→ [B1 × · · · ×Bt].

Finally, we define the lossy coding problem, which captures explicit constructions where we have explicit
compression and decompression algorithms:

Definition 3.17 ([Kor22a]). For a circuit class C, let C-LossyCode be the search problem whose input is a
pair of circuits C,D ∈ C with C : {0, 1}n → {0, 1}n−1 and D : {0, 1}n−1 → {0, 1}n, and whose valid outputs
are {x | D(C(x)) ̸= x}.

3.4 Cryptography

Assuming cryptographic primitives can be useful for proving conditional lower bounds, of which we focus on
one-way permutations:

Definition 3.18. We say a length-preserving function f : {0, 1}∗ → {0, 1}∗ is a (uniform) one-way per-
mutation if for every n ∈ N, f restricted to n-bit inputs is a permutation, and for every randomized
polynomial-time algorithm A,

Pr
x

[A(x) = f−1(x)] ≤ n−ω(1).

For us, the relevant machines for attempting to break one-way permutations are average-case complexity
classes.

Definition 3.19 (avgP and avgZPP). We say L is computable in (errorless) avgPε (resp. avgZPPε) if
there is a polynomial time (resp. randomized polynomial time) machine M such that for every n ∈ N,
M(x) ∈ {L(x),⊥} and M outputs ⊥ with probability at most ε over x ← Un (resp. over x ← Un and the
internal randomness of M).

3.5 Finite fields and linear algebra

A number of our techniques use linear algebra over finite fields. We will thus show, as prerequisites, how
to store and manipulate field elements efficiently, and review past work which implies that matrix rank and
inverse, and the product of a list of matrices, can be computed in FCL.

Definition 3.20. A finite field K is representable in space s if there is an injective function r : K → {0, 1}s
and algorithms ADD, MULTIPLY and VALID which in space O(s) compute the following. ADD and MULTIPLY
on input r(x), r(y) compute r(x+y), r(x ·y) respectively. VALID determines whether its input is in the range
of r. When s = O(log(n)), we simply say K is representable. If r is a bijection, we say K is exactly
representable.

Note that MULTIPLY and VALID are enough to compute inverses by enumerating all possibilities.
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For prime p and positive integer k, we write GF(pk) for the unique (up to field automorphisms) finite field
with pk elements.

Lemma 3.21. Every finite field GF(pk) is representable in space k⌈log p⌉, and GF(2k) is exactly repre-
sentable in space k.

These representations are uniform in the sense that there are universal algorithms ZERO∗, ONE∗, ADD∗,
MULT∗, VALID∗ which take p and k as parameters and produce the representations of 0 and 1 in GF(pk),
and implement ADD, MULTIPLY, and VALID GF(pk), respectively.

Proof. Denote the ring of polynomials with coefficients in GF(p) by GF(p)[x]. For any irreducible polynomial
q(x) ∈ GF(p)[x] of degree k, the field GF(pk) is isomorphic to GF(p)[x]/(q(x)). In particular, we can identify
the elements of GF(pk) with polynomials with coefficients in GF(p) and degree less than k. A polynomial
can be stored as a list of k integers from 0 to p − 1, each occupying ⌈log p⌉ bits. If p = 2, coefficients are
in {0, 1}, so the representation is exact. To add field elements, add their corresponding polynomials, and to
multiply them, first multiply their polynomials and then reduce modulo q(x) to get a polynomial of degree
less than k. ZERO∗ and ONE∗ produce the polynomials 0 and 1, respectively. The VALID∗ function checks
that each coefficient is between 0 and p−1 (which will always be true if p = 2). All of this is straightforward
to compute in space kO(1) once the polynomial q(x) is determined.

In order for the representations to be well-defined, and to implement the universal algorithms ADD∗ and
MULTIPLY∗, we need a consistent choice of irreducible polynomial qk(x) for each k.

Define qk(x) to be the lexicographically first irreducible polynomial of degree k. This can be found in space
kO(1) by trying polynomials until one is determined to be irreducible. (To test whether a polynomial is
irreducible, test all possible factors.) ■

Lemma 3.22 (Matrix operations). For any representable field K, the following can be computed in FCL:

• Multiplying many matrices: compute
∏ℓ

i=1 Ai given ℓ matrices Ai ∈ Kn×n.

• The rank of a matrix A ∈ Km×n.

• The inverse A−1 of an invertible matrix A ∈ Kn×n.

Proof. Past work proves the result for integer matrices, and by extension, fields with a prime number of
elements, and in general reduces the second and third problems to the first problem over any ring with unity.
All that remains is to complete the proof for arbitrary finite fields.

The product
∏ℓ

i=1 Ai can be computed in FCL using the technique of Ben-Or and Cleve [BC92], which
computes a depth-d algebraic formula over any ring (in this case, a ring of matrices) using O(4d) invertible
operations. Alternatively, Lemma 4 (applied recursively) or Lemma 8 of Buhrman, Cleve, Koucký, Loff and
Speelman [BCKLS14] will accomplish the same thing.

From here, Allender, Beals and Ogihara [ABO99] serve as a useful guide through past work. Computing the

determinant det(M) of any M ∈ Kn×n reduces to computing
∏ℓ

i=1 Ai via their Proposition 2.2, which they
attribute to Valiant [Val92] and [Tod91].

This immediately allows us to compute matrix inverses, since for any matrix Q the (i, j)-th entry of Q−1

equals (−1)i+j det(Q−j,−i)/ det(Q), where Q−j,−i ∈ K(n−1)×(n−1) is Q with the j-th row and i-th column
deleted.

Finally, Mulmuley [Mul86] and von zur Gathen [Gat93] reduce computing the rank of a matrix to computing∏ℓ
i=1 Ai. ■

We also mention a folklore result that two blocks of memory can be efficiently swapped with no additional
memory. This will be useful in a number of proofs.
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Lemma 3.23. Let ⟨a, b⟩ ∈ {0, 1}m × {0, 1}m for any m ∈ N. Then SWAP(⟨a, b⟩) = ⟨b, a⟩ can be computed
in inplaceFL.

Proof. Letting Ra and Rb be the memory holding a and b respectively, and letting ⊕ denote coordinate-wise
XOR, the following instructions compute SWAP:

i) Ra = Ra ⊕Rb

ii) Rb = Ra ⊕Rb

iii) Ra = Ra ⊕Rb. ■

4 Separating FL and inplaceFL

4.1 Permutations computable in-place but not with transducers

We first show the simple result that there is a function in inplaceFL that does not lie in FL.

Proposition 4.1. There is a permutation f ∈ inplaceFL such that f /∈ FSPACE[n/ω(1)].

Proof. Let Lhard be a unary language in SPACE[n] \ SPACE[n/ω(1)], which exists per the space hierarchy
theorem [SHL65]. Let

f(x) =


x x ̸= 0n−1b for b ∈ {0, 1}
0n−1b x = 0n−1b and 0n ̸∈ Lhard

0n−1b x = 0n−1b and 0n ∈ Lhard.

We first claim f ∈ inplaceFL. The inplaceFL algorithm for f leaves the input intact unless all but the last bit
are 0s. Otherwise, the algorithm uses the O(log n) bits of extra space to remember the length of x, erases
the first n − 1 bits, computes Lhard on the specified input length, and either flips or preserves the final bit
as appropriate.

We now claim that f /∈ FSPACE[n/ω(1)]. Note that for g ∈ FSPACE[s] the language Lfirst = {x : g(x)n = 1}
is in SPACE[s], and hence if f ∈ FSPACE[n/ω(1)] we would have Lhard ∈ SPACE[n/ω(1)], violating the space
hierarchy theorem. ■

This immediately implies Proposition 1.1. The proof is the same even given catalytic space, although we
require an additional assumption because there is no known catalytic hierarchy theorem:

Proposition 4.2. Assuming CL ̸= PSPACE, then inplaceFCL ̸⊆ FCL.

Proof. Let Lhard be a SPACE[n]-complete language under logspace reductions. If Lhard ∈ CL, we would have
PSPACE = CL via a simple padding argument, so this does not occur by assumption. We define f as

f(x) =


x xn/2+1..n ̸= 0n/2

0n−1b xn/2+1..n = 0n/2 ∧ x1..n/2 ∈ Lhard

0n−1b xn/2+1..n = 0n/2¬b ∧ x1..n/2 ∈ Lhard;

once again this function is in inplaceFL (and hence inplaceFCL), but if f ∈ FCL then Lhard ∈ CL. ■

In fact, because the space hierarchy theorem relativizes, both of these results hold relative to every oracle O
as well.
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4.2 Average-case inversion of permutations in inplaceFL

It will be convenient to define configuration graphs of in-place FL machines:

Definition 4.3 (inplaceFL configuration graph). Given a machine M computing f in inplaceFL, for every
n ∈ N we define the configuration graph GM ofM to be the graph with vertices in (τ, µ), where τ ∈ {0, 1}n
holds the n bits of the in-place tape and µ ∈ {0, 1}O(logn) holds all other bits of the configuration. We assume
WLOG that the machine starts in configuration (x, 0⃗) and halts in configuration (f(x), 1⃗) for every input x.
We let Γ−1[(τ, µ)] be the set of configurations that reach (τ, µ).

We can easily extend this definition to the configuration graph of catalytic machines:

Definition 4.4 (inplaceFCL configuration graph). Given a machine M computing f in inplaceFCL, for
every n ∈ N we define the configuration graph GM ofM to be the graph with vertices in (τ, µ, w), where
τ ∈ {0, 1}n holds the n bits of the in-place tape, w holds the catalytic tape, and µ ∈ {0, 1}O(logn) holds all
other bits of the configuration. We assume without loss of generality that the machine starts in configuration
(x, 0⃗, w) and halts in configuration (f(x), 1⃗, w) for every input x and initial tape w. We let Γ−1[(τ, µ, w)] be
the set of configurations that reach (τ, µ, w).

Moreover, observe that this configuration graph has out-degree one (except for halt states which have out-
degree zero), 2n start and halting configurations, and 2n · poly(n) total vertices. We note that in- and
out-configurations can be computed easily.

Fact 4.5. There is a logspace algorithm that, given (τ, µ) (resp. (τ, µ, w)), enumerates all neighboring (in
and out) configurations.

We can then prove the main result:7

Lemma 4.6. Let f ∈ inplaceFL be a family of permutations. Then g = f−1 can be computed in avgPn−c

for every c.

Proof. Let M be the O-oracle machine that computes f and let GM be the configuration graph of this
machine. Since there are 2n halting configurations (y, 1⃗) and 2n · nO(1) total configurations (τ, µ), and since
every configuration reaches at most one halting configuration, we can conclude that with probability at least
1− n−c the size of Γ−1[(y, 1⃗)] is nc+O(1).

Then our inversion algorithm, on input y, computes the component of configurations reaching (y, 1⃗) using
Fact 4.5. If we discover more than nc+O(1) reachable states, we halt and fail to invert. Otherwise we will
exhaust the entire component. Since f is a permutation, and M successfully computes it on every input,
there must be exactly one start vertex (x, 0⃗) in this component and we must have f(x) = y. So, as long as
the component has size at most nc+O(1) we will find an inverse. ■

The result extends immediately to inplaceFCL, at the cost of the inversion algorithm becoming randomized
as we must draw a random catalytic tape.

Lemma 4.7. Let f ∈ inplaceFCL be a family of permutations. Then g = f−1 can be computed in avgZPPn−c

for every c.

Proof. LetM be the catalytic machine that computes f , let GM be the configuration graph of this machine,
and let s = poly(n) be the size of the catalytic tape. As there are 2n · 2s states of the form (y, 1⃗, w) and each
such state is a halt state, the size of Γ−1[(y, 1⃗, w)] is at most m = nc+O(1) with probability at least 1− n−c

over a random y and w.

Our algorithm, given y, draws a random w and enumerates elements of Γ−1[(y, 1⃗, w)] using Fact 4.5 until we
either find an element of the form (x, 0⃗, w) in which case we halt and return x (note that f(x) = y by the

7All of these results relativize, where the inversion is then in avgPO
n−c .
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correctness of M) or find at least m elements, where we abort and return ⊥. It is clear that this inversion
algorithm succeeds with the claimed probability. ■

Using this result, we establish that natural cryptographic conjectures imply there is f ∈ FL \ inplaceFL:

Theorem 4.8. Assume there is a one-way permutation f : {0, 1}n → {0, 1}n computable in logspace-uniform
TC1. Then FCL ̸⊆ inplaceFCL.

Proof. By [BCKLS14], f is computable in FCL. However, by the assumption that f is a OWP we have
f /∈ avgZPP1/n, so by Lemma 4.7 we have f /∈ inplaceFCL. ■

We recall a result of [AIK06]:

Theorem 4.9 (Theorem 5.4 [AIK06]). Suppose there is a OWP computable in FL. Then there is a OWP
computable in unifNC0

4.

We remark that their result does not state the latter OWP is in logspace uniform, however this can be seen
from the construction.8

Thus, we obtain that the existence of cryptography implies hardness of evaluating NC0
4 functions and integer

multiplication:

Theorem 1.2. If there exists a one-way permutation computable in FL, then unifNC0
4 ̸⊆ inplaceFCL.

Proof. By Theorem 4.9, the existence of a one-way permutation computable in FL implies the existence of
a one-way permutation computable in unifNC0

4. However, by Lemma 4.7 we know that inplaceFCL cannot
compute any one-way permutation. ■

We note one specific corollary in the case of multiplication:

Corollary 4.10. Let Mult : {0, 1}∗ → {0, 1}∗ be the length-preserving function that takes a concatenated
pair of n-bit integers x and y, and returns their 2n-bit product x ∗ y. Assuming that the RSA cryptosystem
is secure, Mult ̸∈ inplaceFCL.

Proof. We can solve factoring in the average-case by inverting Mult. We cannot directly apply Lemma 4.7,
as Mult is not a permutation. However, it is close enough to a permutation for our purposes. In order to
break RSA, it suffices to give an expected polynomial time algorithm to factor pq for p and q each uniform
random primes between 2n−1 and 2n. By the prime number theorem, we know that there are Ω(2n/n) primes
between 2n−1 and 2n, and so there are Ω(22n/n2) possible RSA semiprimes pq. As before, each of these
outputs must belong to disjoint components of the configuration graph, so for a random pq and a random
setting of the catalytic tape the corresponding component of the configuration graph will have size at most(
22n+O(logn)

)(
Ω(22n/n2)

)−1
= nO(1) in expectation. We can thus find p and q in expected polynomial time

by traversing the entire component until we find an input state. ■

5 Computing FZPP in-place with an oracle

We show that every function in FZPP can be computed in-place if our in-place algorithm is given access to
a sufficiently powerful oracle.

Theorem 1.3. Every length-preserving function f ∈ FZPP can be computed in inplaceFLNP/ poly∩inplaceFLS2P.

8Given a (deterministic, read-many) set of branching programs B1, . . . , Bn such that x → (B1(x), . . . , Bn(x)) computes an
OWP, their result constructs a degree-3 randomized encoding of each Bi, then computes a local encoding of each output bit.
Both constructions are clearly computable in logspace.
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We observe that this immediately implies Corollary 1.4 and gives a barrier to proving that FL ̸⊆ inplaceFL
and FCL ̸⊆ inplaceFCL.

Proof of Corollary 1.4. To show that if FCL ̸⊆ inplaceFL, then NP ̸= L, we will show the contrapositive. If
NP = L, then the polynomial hierarchy collapses to L, implying S2P = L. Then we have FCL ⊆ FZPP ⊆
inplaceFLS2P = inplaceFLL = inplaceFL where FZPP ⊆ inplaceFLS2P follows from Theorem 1.3 and S2P = L
follows by assumption. ■

5.1 Good matrices for routing and pseudorandom sets

5.1.1 Routing matrices

At a high level, our strategy will be to transform x into f(x) in-place using a change of basis matrix Q. In
particular, we will change each coordinate of Qx into Qf(x) one at a time. However, we must be careful to
ensure that we can reconstruct x (since it is no longer on the input tape) at each point in the algorithm.
To help with that, we introduce a hashing matrix H which will output a short hash of x. Still, there may
exist two distinct inputs x, x′ such that even with Q and H to distinguish between them, our change of
basis algorithm becomes confused about whether it is trying to compute f(x) or f(x′) at some point in its
execution. We call this a conflict.

Definition 5.1. Given a function f and matrices Q ∈ {0, 1}n×n, H ∈ {0, 1}⌈2 logn⌉×n, we say inputs x, x′ ∈
{0, 1}n conflict if f(x′) ̸= f(x) but Hf(x′) = Hf(x) and for some i ∈ [n], [Qf(x′)][1,i] = [Qf(x)][1,i] and
[Qx′][i+1,n] = [Qx][i+1,n]. (Matrix-vector products are modulo 2.)

For each function f and input x, we want to use (Q,H) such that no conflict occurs. We now formally define
conflict avoiding.

Definition 5.2 (conflict-avoiding). Given a function f and input x ∈ {0, 1}n, matrices Q ∈ {0, 1}n×n, H ∈
{0, 1}⌈2 logn⌉×n are conflict-avoiding for f on input x if Q is invertible and x does not conflict with any
x′ ∈ {0, 1}n.

Although we cannot guarantee that there exist (Q,H) such that for all x, (Q,H) are conflict-avoiding, we
can do something almost as good. We can guarantee that there exist a list of (Q1, H1), . . . , (Qpoly(n), Hpoly(n))
such that for each x, one of the (Qt, Ht) are conflict avoiding for x (we will see how in Section 5.3). Note
that checking which (Qt, Ht) are conflict avoiding for a given x can be done using only an NP oracle. This
will prove useful later as our oracle algorithm will use an NP oracle call to decide which (Qt, Ht) to use as
change of basis and hashing matrices by using NP oracle calls.

Definition 5.3 (universally conflict-avoiding). Let a be series of advice strings a : N → {0, 1}∗, where we
interpret a(n) as a sequence (Q1, H1), . . . , (Qpoly(n), Hpoly(n)) where Qi ∈ {0, 1}n×n, Hi ∈ {0, 1}⌈2 logn⌉×n.
We say that a is universally conflict-avoiding for f if for all sufficiently large n ∈ N and all x ∈ {0, 1}n,
there is a t ∈ [1, poly(n)] such that (Qt, Ht) is conflict-avoiding for f on input x.

5.1.2 Pseudorandom sets for FZPP

As we are dealing with FZPP functions which we wish to put into deterministic complexity classes, we will
also make use of pseudorandom sets.

Definition 5.4. We say that a sequence R = (x1, . . . , xm) of n-bit strings is a pseudorandom set if, for all
n-input circuits of size n: ∣∣∣∣ P

x∼R
[C(x) = 1]− P

y∼{0,1}n
[C(y) = 1]

∣∣∣∣ ≤ 1/n.

Standard probabilistic arguments show that polynomially bounded pseudorandom sets (those where m =
poly(n)) exist. The following lemma shows that these can be constructed using an AVOID oracle call.
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Lemma 5.5 ([Kor22b]). Let PRG be the following search problem: Given 1n, output a pseudorandom set
(x1, . . . , xm) where xi ∈ {0, 1}n. Then PRG reduces in polynomial time to AVOID.

We can then specialize this definition to computing pseudorandom set for a specific language on a specific
input length.

Definition 5.6. Let c and c′ be constants. Let f be a FZPP function and let A(x; r) be the randomized
algorithm computing f where |x| = n and |r| = nc for some constant c. Let Cn : {0, 1}poly(n) → {0, 1} be a

size nc′ circuit which on input r′ ∈ {0, 1}nc′

outputs whether A(x; r′[1,nc]) ̸= ⊥ for x ∈ {0, 1}n. We say that

a sequence R = (x1, . . . , xm) is a pseudorandom set for f (on length n) if the following holds:∣∣∣∣∣ P
x∼R

[Cn(x) = 1]− P
y∼{0,1}nc′

[Cn(y) = 1]

∣∣∣∣∣ ≤ 1/nc′

Lemma 5.7. Let PRGf be the following search problem: Given 1n, output a pseudorandom set for f .
PRGf reduces in polynomial time to AVOID.

Proof. Follows directly from Lemma 5.5. ■

5.2 Computing f in-place using advice

For our result, we will use the slightly non-standard notion of Turing machine with advice where we pa-
rameterize by the advice. Note that the following definition NP/a is clearly a subset of NP/poly since we
are simply restricting ourselves to considering one sequence of advice strings rather than all polynomially
bounded advice.

Definition 5.8. Let a : N → {0, 1}∗ be any function such that |a(n)| = poly(n). We define the class NP/a
as follows. A language L is in NP/a if and only there exists a non-deterministic, polynomial time Turing
machine M such that x ∈ {0, 1}n is in L if and only if M(x, a(n)) = 1.

Lemma 5.9. Let f be a length-preserving function in FZPP and a : N → {0, 1}∗ be universally conflict-
avoiding for f (Definition 5.3) and R : N→ {0, 1}∗ be a sequence of pseudorandom sets for f (Definition 5.6).

Then f ∈ inplaceFLNP/(a,R).

Proof. We describe an algorithm for computing f in-place, given access to an NP/(a,R) oracle. Let x ∈
{0, 1}n be any input. Let A(x; r) be randomized algorithm for f where |x| = n and |r| = nc. Let R(n) =
(r1, . . . , rm). We first determine an i ∈ [m] such that A(x; ri[1,nc]) ̸= ⊥. From now on, we will view f as
being computable in polynomial time with the knowledge that we can do so by computing A(x; ri[1,nc]).

Recall that we interpret the advice string a(n) as encoding a sequence of poly(n) pairs (Qt, Ht), where we
will attempt to use Qt ∈ {0, 1}n×n as a change of basis and Ht ∈ {0, 1}⌈2 logn⌉×n as a hash function, and
that one of these pairs is guaranteed to be conflict-avoiding for f on input x.

Our algorithm begins by finding such a conflict-avoiding (Qt, Ht); it can do this using the NP/a oracle
because the problem of determining whether (Qt, Ht) is conflict-avoiding is in coNP. Henceforth, let (Q,H) =
(Qt, Ht) be the conflict-avoiding pair the algorithm found.

Next, the algorithm stores Hf(x) ∈ {0, 1}⌈2 logn⌉ in memory. This serves as a hash to help make sure we
always have enough information to reconstruct f(x).

Now, for i = 0, . . . , n, define vi(x) ∈ {0, 1}n to be the unique vector such that the first i coordinates of Qvi(x)
match the first i coordinates of Qf(x), and the remaining coordinates match the corresponding coordinates
of Qx. Then v0(x) = x and vd(x) = f(x), and the algorithm proceeds in n steps, transforming vi(x) into
vi+1(x) for i = 0, . . . , n− 1.
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At each step, the fact that (Q,H) is conflict-avoiding for f on input x means the algorithm has enough
information to determine vi+1(x) given vi(x) and the hash Hf(x). What remains is to show how to change
vi(x) into vi+1(x) in place. Note that their difference is (zi − yi)(Q

−1)i, where zi and yi are the i-th
coordinates of Qf(x) and Qx respectively and (Q−1)i is the i-th column of Q−1. So, we make the change
as follows. First, compute zi and yi (the next paragraph shows how) and store their difference on the work
tape. Then add that value times (Q−1)i to the value stored on the input/output tape, using the NP oracle
to compute matrix inverse.

Finally we show how to compute zi and yi. The latter is just the i-th coordinate of vi(x), which can be
computed in FL. We can compute zi with the help of the NP oracle: to compute the k-th bit of zi, we ask
the oracle the following question: does there exist some x which is consistent with the available information
(vi(x) and the stored hash Hf(x)) and such that the k-th bit of vi+1(x) is 1? The answer is “yes” iff the k-th
bit of zi is one, because we have ensured there is exactly one vi+1(x) which is consistent with the available
information. ■

5.3 Conflict-avoidance from an AVOID oracle

Having shown that given access to advice a which is universally conflict-avoiding for f and a pseudorandom
set R we can compute f in inplaceFLNP/(a,R), we now consider the complexity of computing the advice a for
ourselves. To that end, we define the following problem and show that it can be solved given access to an
AVOID oracle.

Definition 5.10. Let f be a length preserving function. We define the search problem ROUTEf as follows.
Compute any function a′ : {1}∗ → {0, 1}∗ such that a(n) : N → {0, 1}∗, a(n) = a′(1n) is universally
conflict-avoiding for f .

Lemma 5.11. Let f be a length preserving function. ROUTEf can be solved in polynomial time given
access to an AVOID oracle and a family of polynomial-size circuits computing f .9

To prove this lemma, we will describe a family of expanding circuits (Cn)n∈N whose output we interpret as
a sequence of pairs (Qt, Ht). We design the circuits so that their range includes every sequence which is not
universally collision-avoiding for f , and use the AVOID oracle to solve our problem. Before going into the
details, we explain some intuition behind why this should be possible.

A first requirement for a sequence (Qt, Ht) to be universally conflict-avoiding is that each matrix Qt is
invertible. We handle this using by having the circuit Cn output each Qt using a compact encoding given
by Lemma 5.13 which admits only invertible matrices.

The more difficult requirement is that for every possible input x ∈ {0, 1}n, some pair (Qt, Ht) ensures that
there is no conflicting x′ ∈ {0, 1}n. For x and x′ to conflict means that Htf(x) = Htf(x′) and for some i,
the first i coordinates of Qtf(x) and Qtf(x′) match, and the last n − i coordinates of Qtx and Qtx

′ also
match. To complete the proof of Lemma 5.11, we show that these linear constraints imply there is a way to
efficiently encode any such (Qt, Ht) as inputs to the circuit Cn, forcing the AVOID oracle to output at least
one conflict-avoiding pair (Qt, Ht).

Before providing the proof in detail, we introduce two useful lemmas. The first one will help us reduce the
problem of finding a universally conflict-avoiding sequence to finding a pair (Q,H) which is conflict-avoiding
on some given input x. We note that essentially the same reduction appeared in [CHLR23] (as a reduction
from the problem of generating partially hard truth tables to AVOID).

Lemma 5.12. Let Cx : {0, 1}n → {0, 1}n+1 be a family of efficiently computable (and index-able) circuits
indexed by x ∈ {0, 1}poly(n). There exists an FPAVOID algorithm which takes as input 1n and outputs
(y1, . . . , ypoly(n)) such that for all x, there exists an i such that yi /∈ Range(Cx).

9We obtain this family of circuits from hardwiring the randomness R, which we produce separately.
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Proof. Say x ∈ {0, 1}f(n). Define a new circuit C ′ : {0, 1}f(n) × ({0, 1}n)f(n)+1 → ({0, 1}n+1)f(n)+1 by
C ′(x, z1, . . . , zf(n)+1) = (Cx(z1), . . . , Cx(zf(n)+1)). The reduction to AVOID calls AVOID on C ′ to obtain
(y1, . . . , yf(n)+1) which it then outputs.

The reduction clearly proceeds in polynomial time. C ′ is expanding since (n + 1)(f(n) + 1) > f(n) +
n(f(n) + 1). To see correctness, say for the sake of contradiction that there exists an x such that for all yi,
yi ∈ Range(Cx). For each i, choose some zi ∈ C−1

x (yi). Clearly, C(x, z1, . . . , zf(n)+1) = Cx(z1, . . . , zf(n)+1) =
(y1, . . . , yf(n)+1). This contradicts the fact that (y1, . . . , yf(n)+1) is avoided by C ′. ■

One requirement of a conflict-avoiding pair (Q,H) is for Q to be invertible. The following lemma helps us
meet this requirement.

Lemma 5.13. There is a bijection between the set of invertible (over GF(2)) matrices in {0, 1}n×n and the
set of bounded integer sequences in Rn := [2n−20]× [2n−21]×· · ·× [2n−2n−1], for every n ∈ N. Moreover,
this family of bijections and their inverses are in FP.

Proof. Given (a1, . . . , an) ∈ Rn, we construct the corresponding invertible A ∈ {0, 1}n×n one column at a
time. Suppose we have already constructed the first i columns A1, . . . , Ai. Then we must choose Ai+1 from
the set Si+1{0, 1}n \ Span{A1, . . . , Ai} based on ai+1 ∈ [2n − 2i].

To do this, first temporarily append n− i columns A′
i+1, A

′
i+2, . . . , A

′
n to A to produce an invertible matrix

Q = A1, . . . , Ai, A
′
i+1, . . . , A

′
n. Any deterministic way of doing this will work; for example, we could at each

point take the next column to be the first standard basis vector which is not yet spanned. Now, interpret
ai+1 + 2i+1 as a base-2 number b = (b1, . . . , bn) ∈ {0, 1}n, from least to most significant digit. Because we
added 2i+1, the last n − i bits bi+1, . . . , bn can’t all be zero. Therefore, the vector Qb is not in the span of
A1, . . . , Ai: that is, Qb ∈ Si+1. So, we may take Ai+1 = Qb. ■

Now we are ready to prove Lemma 5.11.

Proof of Lemma 5.11. Fix x ∈ {0, 1}n. We will first construct an AVOID instance C which outputs Q ∈
{0, 1}n×n, H ∈ {0, 1}⌈2 logn⌉×n which are conflict-avoiding for f on input x. Define vi(Q, x) ∈ {0, 1}n so that
its first i elements are Qf(x) and its last n− i elements are Qx. Recall that we say that Q ∈ {0, 1}n×n, H ∈
{0, 1}⌈2 logn⌉×n are conflict-avoiding for f on input x if Q is invertible and no x′ ∈ {0, 1}n conflicts with x:
that is, for all x′ ∈ {0, 1}n, either f(x) = f(x′), or Hf(x) ̸= Hf(x′), or vi(Q, x) ̸= vi(Q, x′).

Let R = [2n− 20]× [2n− 21]× · · · × [2n− 2n−1]. Using Lemma 5.13, we may freely switch between elements
of R and their corresponding matrices with the confidence that such maps can be implemented efficiently.
We are now ready to define the circuit C which we will feed to our AVOID oracle.

C : {0, 1}n × [n]× {0, 1}⌈2 logn⌉×(n−1) × {0, 1}n×(n−1) → R× {0, 1}⌈2 logn⌉×n.

C interprets its input as some x′ ∈ {0, 1}n, i ∈ [n], H∗ ∈ {0, 1}⌈2 logn⌉×(n−1), b1, . . . , bn ∈ {0, 1}n−1. One
should think of H∗ as an incomplete matrix missing one column which our circuit will fill in, and b1, . . . , bn
as indexing rows of the matrix Q.

If f(x) = f(x′), C outputs 0. Otherwise, f(x) ̸= f(x′), and C will construct a pair (Q,H) with respect to
which x and x′ conflict (Definition 5.1), meaning vi(Q, x) = vi(Q, x′) and Hf(x) = Hf(x′). We will design
C carefully so that every pair (Q,H) which is not conflict-avoiding for f on input x will arise in this way.

On input (x′, j,H∗, (b1, . . . , bn)), C proceeds as follows. Let m be the index of the first non-zero bit of
f(x)⊕ f(x′) (where ⊕ denotes coordinate-wise addition modulo 2).

To construct H, take the n−1 columns of the input H∗, and insert as the m-th column a specially-constructed
vector r ∈ {0, 1}⌈2 logn⌉ so that Hf(x) = Hf(x′). There is exactly one choice of r which satisfies this: C
takes r = H∗ · z[n]\{m} where z = f(x)⊕ f(x′).
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Next, C determines the matrix Q row by row based on the input vectors b1, . . . , bn. For nonzero α ∈ {0, 1}n,
let ϕα : {0, 1}n−1 → {0, 1}n be any efficiently computable bijective map whose image is all vectors orthogonal
to α. (For example, determine the index of the first nonzero coordinate of α and have ϕα use its input as
the other n− 1 coordinates.) If i ≤ j, C takes Qi = ϕf(x)⊕f(x′)(bi). If i > j, C takes Qi = ϕx⊕x′(bi). If Q is
not invertible, C outputs 0. Otherwise, C outputs (H,Q).

Now, we show that the range of C includes all pairs (Q,H) which are not conflict-avoiding (but where Q
is invertible). Indeed, suppose not: then some x′ ∈ {0, 1}n conflicts with x with respect to (Q,H). Let m
be the index of the first nonzero bit in f(x) ⊕ f(x′), and set the input H∗ to be H with its m-th column
deleted. Then C will output H because it is the only way to extend H∗ that satisfies Hf(x) = Hf(x′).
Similarly, let the input i be an index such that vi(Q, x) = vi(Q, x′). Then the first i rows of Q are orthogonal
to f(x)⊕ f(x′), and so they are each in the range of the map ϕf(x)⊕f(x′), and similarly, the remaining rows
are orthogonal to x⊕ x′, and therefore in the range of ϕx⊕x′ . So, we may set b1, . . . , bn to be the pre-images
of the rows under ϕf(x)⊕f(x′) or ϕx⊕x′ as appropriate, and C will output Q.

We now show that C is expanding by at least 1 bit when its input and output are interpreted as bits. As
noted in Section 3.3, it suffices to show that, when interpreted as integer, the size of the codomain of C is
at least 8 times the size of the domain of C.

|R| · 2⌈2 logn⌉×n

2n · n · 2⌈2 logn⌉×(n−1) · 2n×(n−1)
=
|R| · 2⌈2 logn⌉

2n2 · n

=

∏n−1
j=0 (2n − 2j) · 2⌈2 logn⌉

2n2 · n

≥
n ·

∏n−1
j=0 (2n − 2j)

2n2

= n ·
n∏

k=1

(
1− 1

2k

)
= Ω(n)

The second equality follows from the size of R established in Lemma 5.13. Since Ω(n) is clearly larger than
8 for sufficiently large n, the circuit C is sufficiently expanding.

Having constructed a circuit which has in its range all (Q,H) which are not conflict-avoiding, we are ready
to complete the proof by solving the ROUTEf problem. Note that our circuit C depends on the input x.
We invoke Lemma 5.12 to compute a sequence of poly(n) pairs (Qt, Ht) such that one is conflict-avoiding
for every x: that is, the sequence is universally conflict-avoiding for f , as required. ■

5.4 Putting it all together

We are now ready to prove that we can compute f in-place given access to sufficiently powerful oracles.

Proof of Theorem 1.3. We first show that f can be computed in inplaceFLNP/poly. By Lemma 5.9, we know
f can be computed in inplaceFLNP/(a,R) for any function a : N→ {0, 1}n which outputs universally conflict-
avoiding values for f and sequence of pseudorandom sets for f R : N → {0, 1}∗. We also know that such
an a exists by Lemma 5.11 and that such an R exists by Lemma 5.7. Therefore, f can be computed in
inplaceFLNP/poly.

To show that f ∈ inplaceFLS2P, we begin by observing that by Lemma 5.9, Lemma 5.11, and Lemma 5.7, f
can be computed in inplaceFL given oracle access to some language L which can be decided by a polynomial-
time algorithm using oracle access to a unique valued AVOID (one which outputs the same answer for any
input) oracle and NP oracle. We show that any such language L is in S2P. Since S2P is Turing closed, it
suffices to show that L can be decided using oracle access to S2P. On input x ∈ {0, 1}n, we decide if x ∈ L
as follows. Corollary 3.16 tells us that there exists a FPS2P algorithm that solves AVOID. By Lemma 5.7,
we can use this algorithm to obtain a pseudorandom set for f , and hence build a polynomial-size circuit C ′

n
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where C ′
n(x) = f(x) (this circuit enumerates over the elements of the pseudorandom set R and simply takes

the first non-⊥ output).

Next, by Lemma 5.11, we can use this algorithm to solve ROUTEf (where we provide the circuit C ′
n) and

get advice q ∈ {0, 1}poly(n). Finally, we use our final S2P oracle call to simulate the NP call (which uses the
advice q). This whole computation is in PS2P = S2P [RS98], as desired. ■

6 In-place algorithms for small-width circuits

In this section we show in-place algorithms for evaluating restricted circuit classes. To see where the circuit
structure may play a role in in-place computation, we observe the following easy simulation:

Proposition 6.1. For any f ∈ unifNC1, if f is not length-extending, and, for all i, f ’s ith output bit depends
only on its first i + O(log n) input bits, then f ∈ inplaceFL.

Proof. Because unifNC1 ⊆ L, we can compute any given bit of the output in logspace. We will compute the
output bits in order from last to first. Once we’ve computed k bits of the output, we only need to remember
the first n + O(log n)− k bits of the input, so we can erase the end of the input as we go, and thus we need
only keep n + O(log n) bits in memory at all times. ■

For the rest of this section we will study restricted width circuits. These are a natural class of circuits for
inplaceFL since one can hope that the natural strategy of computing the circuit layer-by-layer in-place might
work. Note that it is unclear if such a layer-by-layer evaluation strategy works in the case that the circuit
C : {0, 1}n → {0, 1}n we wish to evaluate has width n + ω(log n) since our program will not have enough
space to write down the outputs at C’s largest layer. Therefore, we only concern ourselves with circuits of
width n + O(log n) and show that such circuits of fan-in 2 can indeed be computed in inplaceFL.

Theorem 6.2. For any f : {0, 1}∗ → {0, 1}∗ with logspace uniform, width-(n + O(log n)), fan-in 2 circuits,
f ∈ inplaceFL.

We use this result to show that LOSSY for O(log n) depth, small-width circuits lies in CL.

Theorem 1.10. Let C be the class of fan-in 2 layered circuits of width n + O(log n) and depth O(log n).
We have C-LossyCode ∈ searchCL.

Proof assuming Theorem 6.2. Recall that the input to the problem is (C,D), where C : {0, 1}n → {0, 1}n−1

and D : {0, 1}n−1 → {0, 1}n are circuits of depth O(log n), fan-in-2, and width n + O(log n).

The catalytic algorithm works as follows. Let τ be the initial tape, and divide the tape into (τ1, . . . , τn) ∈
({0, 1}n)n. For each i ∈ [n], we first test if D(C(τi)) ̸= τi. We can perform this test without modifying τ , as
we can evaluate logarithmic depth circuits in L. If this holds for some i, we return τi without modifying the
tape.

Otherwise, for i ∈ [n] we invoke the algorithm of Theorem 6.2 with the circuit C,10 and unified tape
τi||0O(logn), where the first n bits correspond to the section of catalytic tape holding τi and we use O(log n)
bits on the worktape for the remainder. The algorithm halts with that section of catalytic tape in config-
uration C(τi)||0. Once we do this for every i ∈ [n], we shift the tape so that we have 0n at the end and
brute force over y ∈ {0, 1}n to find some output where D(C(y)) ̸= y, and print the first such y. Afterwards,
we again use Theorem 6.2 to replace C(τi)||0 with D(C(τi)) = τi on the tape for every i, and afterwards
halt. ■

10The theorem is stated as taking a logspace-uniform function f , we virtually define the function fC which is trivially defined
on inputs of length m ̸= n and on inputs of length n applies C. Note that the circuit for f is logspace uniform given the input
C.
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Figure 1. Layer ℓ of a circuit C and the corresponding dependency graph
Gℓ
C

To prove Theorem 6.2, we will first show that the computation of one layer of a logspace uniform, width-
(n+O(log n)), fan-in 2 circuit can be done in inplaceFL. To do so, we begin by associating any layer of such
a circuit with a dependency graph.

Definition 6.3. Let C : {0, 1}n → {0, 1}n be a logspace uniform, width w = (n+O(log n)), depth d, fan-in
2 circuit. We assume without loss of generality that C has width w at each layer (by padding). We define
a dependency graphs GℓC for ℓ ∈ [d] as follows. GℓC has vertex set [w] and exactly w edges. An edge exists
between vertices (x, y) in GℓC if and only if some gate in layer ℓ + 1 of C is connected to gates x and y in
layer ℓ of C. Each vertex and edge of GℓC is in exactly one of two states: a computed state or an uncomputed
state.

GℓC tells us the dependencies between layer ℓ and ℓ + 1 of C. It also tells us what information we have
gained/lost during our in-place transformation. An edge being in the computed state means that the output
of the gate in layer ℓ + 1 corresponding to that edge has been computed and is in memory. Similarly, a
vertex being in the computed state means that the output of the gate in layer ℓ corresponding to that vertex
is currently in memory. We say that we process an edge if we compute it and we process a vertex if we
uncompute it. We say that a vertex v is isolated (resp. a leaf) in GℓC if v is isolated (resp. a leaf) in GℓC
restricted to all vertices and uncomputed edges. An isolated cycle in GℓC is defined analogously.

GℓC starts out with all vertices in the computed state and each edge in the uncomputed state. Our goal is to
design an algorithm that implicitly manipulates GℓC in logarithmic space to ultimately arrive at a dependency
graph where all vertices are uncomputed and all edges are computed. This corresponds to the state in our
algorithm where the tapes (input tape combined with work tape) contain the evaluation of C on the input,
up to layer ℓ + 1 of C. To achieve this, we rely on the following valid transformations to our dependency
graph.

Definition 6.4. Let G = (V,E) be a dependency graph and m ∈ N. A valid transformation to G is an
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ordered set {o1, . . . , om} where oi ∈ V ∪ E for all i ∈ [1,m] such that processing o1, . . . , om (in order)
corresponds to one of the following.

i) Uncompute a vertex which has no incident uncomputed edges (an isolated vertex), and then compute
an arbitrary edge.

ii) Compute the edge incident to a leaf vertex, and then uncompute that vertex.

iii) For an isolated cycle in G, compute two adjacent edges in the cycle, and then alternate uncomputing
vertices and computing edges around that cycle until all vertices are uncomputed and all edges are
computed.

Note that in any series of valid transformations, a vertex is only uncomputed after all its incident edges have
been computed. This is a desirable property since it means that we do not uncompute any information from
layer ℓ which will be necessary in the computation of layer ℓ + 1 gates later.

Ultimately, these transformations of the dependency graph GℓC will be performed implicitly by an inplaceFL
algorithm. Lemma 6.5 shows that being able to implicitly compute a series of valid transformations in
logarithmic space will allow us to compute one layer of C in inplaceFL.

Lemma 6.5. Let f : {0, 1}∗ → {0, 1}∗ be a function with logspace uniform, NC0
2 circuits C : {0, 1}n →

{0, 1}n. Let G be the dependency graph for C. There exists an inplaceFL algorithm which computes f if
there is a series of valid transformations T1, . . . , Tt which result in all edges of G being computed and all
vertices being uncomputed and FL algorithms π1, π2 : [n]→ [n] such that the following hold.

i) π1[i] = j if vertex j is the ith vertex uncomputed in T1, . . . , Tt.

ii) π2[i] = j if edge j is the ith edge computed in T1, . . . , Tt.

Proof. Observe that π1, π2 satisfy the property that for any i, neither input gate feeding into output gate
π2[i+2] appears among π1[1], . . . , π1[i]. Equivalently, neither of the vertices incident to edge π2[i+2] appear
in π1[1], . . . , π1[i]. This follows from the fact that our orderings correspond to uncomputing/computing
vertices/edges in a valid sequence of i, ii, iii operations in Definition 6.4, and we observe that in any such
sequence, at any point, we’ve always computed at most 2 more edges than the number of vertices we have
uncomputed, so by the time we compute the (i+ 2)th edge we have uncomputed at least i vertices. None of
those i vertices can be incident to π2[i+ 2] since we always uncompute the vertices incident to an edge after
we have computed that edge.

We’ll use π1 and π2 to describe how to get the input tape in-place from the (in-order) sequence of output
bits of the gates at level 1 to the (in-order) sequence of output bits of the gates at level 2. We first compute
the outputs of gates π2[1] and π2[2], which we store on the side. Then, for i ∈ [1, n− 2], we’ll compute the
output of gate π2[i+ 2] and overwrite the π1[i]th bit of the input tape with the result. By the facts observed
above, we know all these values can be computed with logarithmic overhead, and that we never overwrite
a bit of the input before it is used to compute a gate’s output. So, this process will successfully compute
the values of all π2[i]. They will not end up on the tape in-order — but, because we can compute π1 and
π2, we can compute the permutation by which they’ve been shuffled, so we can then simply perform that
permutation in reverse. ■

We now show that there exists a series of valid transformations to GℓC that result in all edges being computed.
In fact, we prove the following even stronger claim.

Claim 6.6. For any dependency graph GℓC , any series of valid transformations to GℓC result in a dependency
graph where all vertices are uncomputed and all edges are computed.

Proof. Let Ĝ denote the current state of the dependency graph when restricted to computed vertices and
uncomputed edges. Notice first that Ĝ initially has average degree 2 since Ĝ has exactly the same number of
edges and vertices. Furthermore, since in each valid transformation, exactly the same number of vertices are
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uncomputed as edges are computed, this invariant hold after any series of valid transformations are applied
to G.

Observe that if Ĝ is non-empty, then one of the following must hold: either a type i or ii valid transformation
can be performed on Ĝ, or Ĝ is a graph with average degree 2 (by the above argument) where every vertex
has degree at least 2, which implies that Ĝ is the union of disjoint cycles, which implies that a type iii
operation can be performed on Ĝ.

Therefore, one can always apply a valid transformation to GℓC which results in Ĝ containing fewer vertices

and edges. Therefore, any series of valid transformations will eventually result in an empty Ĝ, implying that
all vertices will be uncomputed and all edges will be computed. ■

Having shown that such a sequence of operations exists, the final step of the argument is to show that we
can compute such a sequence with only logarithmic working space. That is, we would like to be able to
compute in logarithmic space, given an index i, the ith edge computed in a valid sequence of operations
(and, likewise, the ith vertex uncomputed).

The first step of our algorithm will be to find a spanning forest of the graph; by results of Reingold and of
Nisan and Ta-Shma, this is possible in logarithmic space [NT95; Rei08].

Lemma 6.7 ([NT95; Rei08]). There exists a logarithmic space algorithm A which when given oracle access
to a graph G and input e ∈ G outputs a value in {0, 1} such that E = {e : AG(e) = 1} forms a minimum
spanning forest for G. We refer to E as MSF(G).

We now consider the constituent parts of GℓC and show that determining to which part of GℓC a particular
edge belongs can be done in logarithmic space.

Definition 6.8. For a connected component of GℓC we define the following. The skeleton to be all edges
belonging to MSF(GℓC) plus the lexicographically last edge not belonging MSF(GℓC). The feathers of the
connected component are all edges not belonging to the skeleton. The skull of the skeleton is the cycle in
the skeleton (if it exists). All edges in the skeleton which are not part of the skull are the bones.

Definition 6.9. For each bone in MSF(GℓC) , we will define the prominence to be the minimum distance
in the skeleton from one of its endpoints to a leaf vertex.

Lemma 6.10. Let C : {0, 1}n → {0, 1}n be a logspace uniform, NC0
2 circuit and G be the dependency

graph for C. There exist logarithmic space subroutines to determine, for G, which connected component a
vertex/edge belongs to, the prominence of an edge and if an edge is a feather, bone, or part of the skull.

Proof. One can determine which connected component an edge e belongs to simply by identifying each
connected component with its lexicographically first edge and then using the logarithmic space algorithm of
[Rei08] to find the lexicographically smallest v such that an endpoint of e is connected to v.

The prominence of a bone can be calculated in logarithmic space: the connected component of bones to
which a given bone belongs forms a tree; we can determine the minimum depth of a leaf in that tree in
logarithmic space by performing a depth-first search.

Determining if an edge is a feather simply requiring confirming that e /∈ MSF(GℓC) or is the lexicographically
last edge not in MSF(GℓC). Recall that computing if an edge e is in MSF(G) can be done in logarithmic space
by Lemma 6.7. To check if an edge e is in the skull, we start by finding the lexicographically last edge not
in MSF(GℓC), call it z. We then find e1 ∈ MSF(GℓC) sharing a vertex with z, e2 ∈ MSF(GℓC) sharing a vertex
with e1, and so on, until we find that either ei = e, in which case we conclude e is in the skull, or ei = z, in
which case we conclude e is a bone. ■

With these definitions in place, we are ready to describe how to compute C in inplaceFL.
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Proof of Theorem 6.2. Let w be the width of C, we assume without loss of generality that n = w and use
O(log n) bits of our work tape to simulate the case whenever we find w > n since w = n + O(log n). For
a fixed ℓ consider GℓC . By Lemma 6.5, it suffices to show a logarithmic space algorithms which when given
i, tells us which vertex/edge of GℓC is the ith uncomputed/computed via a valid transformations such that
after all such transformations have been performed, GℓC has only computed edges and uncomputed vertices.
Our algorithm will then simply apply this subroutine along with Lemma 6.5 to compute one layer of the
circuit d times where d is the depth of the C. At any given point, we let Ĝ denote the uncomputed edges
and computed vertices of the dependency graph.

We will implicitly process the connected components in order of initial average degree. Note that we can find
the connected component with the jth smallest average degree in logarithmic space, since we can determine
the number of edges and vertices in a connected component in logarithmic space. That is, our process will
compute all edges from one connected component before moving on to the next. Also, whenever we perform
a type i operation (i.e. uncomputing an isolated vertex), the edge we will choose to compute will be the
lexicographically-first feather in the first connected component with uncomputed feathers.

This ensures that, when we begin processing a component, the uncomputed edges of the component is exactly
its skeleton. No edges in the skeleton will have been computed, because the only way edges could have been
computed is through type i operations, which only compute feathers. All feathers will have been computed.
To see why, consider Ĝ at this point and let c denote the average degree of computed vertices in the current
connected component at this point. Notice that c ≤ 2 since if it were not, then since we process in increasing
order of average degree all remaining connected components of Ĝ would have average degree greater than
2. But notice that the average degree of Ĝ is invariant under valid transformations and started out as 2. If
c < 2, then the current connected component is a tree, implying that the current connected component is
exactly the skeleton. If c = 2, then the current connected component in Ĝ is a cycle, which is exactly the
skull.

So, we only need to specify how to process the skeleton. The sequence will be: first perform type ii operations
to compute all bones, ordered first by prominence and then lexicographically. Then, perform a type iii
operation to compute the skull if it exists (starting with the lexicographically first edge in the skull, then its
lexicographically first neighbor, and proceeding in that direction around the skull). Finally, perform a type
i operation to delete the remaining isolated vertex. Observe that this gives a valid sequence of operations:
since we order bones by prominence, we ensure that each bone does indeed touch a leaf at the time of its
deletion, and since we handle all bones before the skull we ensure that the skull is an isolated cycle at the
time of its deletion.

The crucial point is that now, given an edge of the graph, it’s possible to compute in logarithmic space that
edge’s index in our sequence of edge deletions. If the edge is a feather, we can compute its index j among
feathers (by counting how many feathers belong to earlier connected components and how many feathers
in the same connected component are lexicographically earlier). We therefore know that this feather will
be deleted exactly when the jth connected component is done being processed, so can find its index in the
overall deletion sequence by adding up the total number of vertices in the first j connected components.
If the edge is a bone, we can simply add the number of vertices in earlier connected components plus the
number of earlier bones in the same connected components. If the edge belongs to a skull, we add the number
of vertices in earlier connected components, plus number of bones in the same connected component, plus
the index of the edge around the skull. The same arguments will allow us to determine for any given vertex
its index in our sequence of vertex deletions. ■

7 Computing linear transformations in-place

Here we describe how to do matrix-vector multiplication in-place: given read-only access to a matrix A over
a representable field (Definition 3.20), we replace a vector v stored in memory with Av. The algorithm
uses O(log n) free space and uses an oracle that can compute certain functions which are in CL; this puts
matrix-vector multiplication in inplaceFLCL and therefore in inplaceFCL.
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Theorem 1.6. For any field K representable in space O(log n), there is an algorithm in inplaceFLCL ⊆
inplaceFCL which, given read-only access to a matrix A ∈ Kn×n, replaces a vector x ∈ Kn with Ax in-place.

We describe our algorithm in the following sections.

In Section 7.1, we handle a special case where A is what we call an almost upper-triangular matrix. In
Section 7.2, we relax this requirement to Q−1AQ being almost upper-triangular for some invertible Q. In
Section 7.3 we describe such a matrix Q, and in Section 7.4 we show it can be computed in FCL, so that our
algorithm can make use of it.

7.1 Multiplying by almost-triangular matrices

If U ∈ Kn×n is upper-triangular, we can transform x into Ux one coordinate at a time, using the fact that
each coordinate (Ux)i only depends on coordinates vj for j ≥ i. For example, if

U =

2 1 5
0 4 2
0 0 3


our in-place computation might follow these steps:

x =

1
4
5

→
31

4
5

→
31

26
5

→
31

26
15

 = Ux

At each step, the newly computed coordinate does not depend on any of the coordinates that have already
been changed. (For this example, assume the field is K = GF(p) for some prime p > 31.)

We extend this to almost upper-triangular matrices:

Definition 7.1. A matrix U is almost upper-triangular if every nonzero entry Ui,j has i ≤ j + 1.

The following algorithm replaces x with Ux when U is almost upper-triangular. The variables v1, . . . , vn are
the values currently held in memory; at the start, v = x and at the end v = Ux.

To see that this algorithm is correct, observe that at the start of every iteration of the outer for loop:

• the first i− 1 coordinates of v match the first i− 1 coordinates of Ux;

• the remaining coordinates match the corresponding coordinates from x; and

• if i > 1, the variable “previous” holds xi−1.

Algorithm 1: Multiplying an almost-triangular matrix A in-place.

1 for i = 1..n do
2 current← vi /* current = xi */

3 vi ← 0
/* Handle entries at or above the diagonal: Ui,j where i ≤ j. */

4 for j = i..n do
5 vi ← vi + Ui,jvj
6 end

/* Handle the below-diagonal entry Ui−1,i. */

7 if i > 1 then
8 vi ← vi + Ui,i−1 · previous
9 end

10 previous← current

11 end
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7.2 Changing bases

Now, suppose have access to an invertible matrix Q such that Q−1AQ is almost upper-triangular. Our goal
is to somehow use the fact that Algorithm 1 can correctly multiply by the matrix U = Q−1AQ in-place to
instead multiply by A in-place.

Let w ∈ Kn be the values currently held on the catalytic tape: at the start, w = x, and at the end, our goal
is to guarantee w = Ax. We achieve this by running a simulation of Algorithm 1, with all of its accesses to
the matrix U and vector v transformed into accesses to A and w via a change of basis.

The vector v presented to Algorithm 1 will always correspond to Q−1w, and the matrix U will be Q−1AQ.
At the beginning, w = x, and so the vector v that the algorithm sees is Q−1w = Q−1x. Then, since
Algorithm 1 is correct, it transforms v from Q−1x to UQ−1x = Q−1AQQ−1x = Q−1Ax. Since the final
value of v = Q−1w is Q−1Ax, it follows that the final value of w is Ax.

To do this, the simulation operates as follows:

• When Algorithm 1 wishes to read an entry Ui,j , we supply it with the (i, j)-th entry of Q−1AQ.

• When it wishes to read vi, we supply it with the i-th coordinate of Q−1w.

• When it wishes to write a value a ∈ K to vi, we instead modify w in such a way that the i-th coordinate
of Q−1w becomes a and all other coordinates are unchanged. To do this: let b be the previous value of
the i-th coordinate, and then add a− b times the i-th column of Q to w. This has the effect of adding
(a− b)Q−1Qei = (a− b)ei to Q−1w, where ei is the i-th standard basis vector.

All of the above operations can be done by a logspace machine with a CL oracle, since by Lemma 3.22 matrix
inverses can be computed in FCL.

7.3 A particular change of basis

Next we describe a particular basis change Q such that Q−1AQ is almost upper-triangular. Although we
eventually want to show Q can be computed in FCL, for now we will find it simpler to describe an algorithm
that generates the columns of Q one at a time, each based on the previous columns.

7.3.1 Warm-up special case

The problem becomes simpler if, for some “starting” vector, say the standard basis vector e1, the vectors
e1, Ae1, A

2e1, . . . , A
n−1e1 are linearly independent. In this case, we use these vectors as the n columns of Q:

Q =
(
e1 Ae1 A2e1 · · · An−1e1

)
Then for i < n, the i-th column of Q−1AQ is ei+1, the (i + 1)-st standard basis vector. To see this: note
that Q−1AQei = Q−1A(Ai−1e1) = Q−1Aie1. Observe that Aie1 is the (i+1)-st column of Q, so multiplying
by Q−1, we get ei+1. So,

Q−1AQ =
(
e2 e3 e4 · · · en Aen

)
which is almost upper-triangular.

7.3.2 In general

Unfortunately, it is possible that the matrix Q from the warm-up is not invertible. This happens if Atb0 is
a linear combination of the previous vectors for some t < n: Ate1 =

∑t−1
i=1 ciA

ie1 for some coefficients (ci).

If this happens, we will keep the first t columns, and then start the process again, with a new starting vector.
For example, if e2 is not spanned by {Aie1}t−1

i=0, then we will try this as our matrix Q:

Q =
(
e1 Ae1 · · · At−1e1 e2 Ae2 . . . An−t−1e2

)
If these columns are all linearly independent, then we will have succeeded: Q−1AQ is almost upper-triangular,
by an argument similar to the one in the warm-up. But there could be a linear dependence here too.
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We solve this generally by switching to a new standard basis vector every time a linear dependence would
have been introduced. Here is the algorithm:

Algorithm 2: Computing the matrix Q sequentially.

1 Initialize L to be an empty list.
2 for i = 1..n do
3 j ← 0
4 while Ajei is not spanned by vectors in L do
5 Append Ajei to L.
6 j ← j + 1

7 end

8 end
9 Set Q to be the matrix whose columns are the vectors in L, in the same order.

It remains to show that Q−1AQ is almost upper-triangular. For this, it suffices to show that for any
k ∈ {1, . . . , n}, the last n − k − 1 coordinates of Q−1AQek are zero. Now, Qek equals Ajei where i, j have
the values they did the k-th time Line 5 was executed. So, Q−1AQek = Q−1Aj+1ei. There are two cases to
consider: either Aj+1ei is spanned by the first k columns of Q, or it isn’t. If it is, then this vector only has
nonzero entries in the first k coordinates. (These values correspond to the way Aj+1ei appears as a linear
combination of the previous columns.) If it is not spanned, then the next execution Line 5 appends Aj+1ei
to L, so the (k + 1)-st column of Q is Aj+1ei, and so Q−1AQek = ek+1.

7.4 Computing a good basis in FCL

It remains to be shown that any entry of the matrix computed by Algorithm 2 can be computed in FCL.

For any i, let ri be the rank of the n × n matrix whose columns are Ajei′ for i′ ranging from 1 to i and
j ranging from 0 to n − 1. Then ri equals the dimension of the vector space spanned by L after the i-th
iteration of the for loop in Algorithm 2. (Define r0 = 0.) ri can be computed in FCL by Lemma 3.22.

For any k, the k-th column of Q can be found as follows. When Line 5 of Algorithm 2 found the k-th column
of Q, its value of i was the largest i such that ri−1 < k, and j was k− ri−1. Compute i in FCL by computing
each ri in turn. Then the k-th column of Q is Ak−ri−1ei.

Finally, we can prove Theorem 1.6.

Proof of Theorem 1.6. Given a matrix A as input, our algorithm’s goal is to multiply a vector by A in-place.

Let Q be the matrix described in Section 7.3, so that Q−1AQ is almost upper-triangular. As explained in
Section 7.4, Q can be computed in FCL.

Since Q−1AQ is almost upper-triangular, Algorithm 1 can multiply a vector by Q−1AQ in-place, and so, using
the basis-changing simulation described in Section 7.2, multiplication by A can be performed in-place. ■

7.5 Applications

We can now extend Theorem 1.6 in two ways. First, by decomposing a matrix into n vectors, we clearly can
do matrix-matrix product by n applications of Theorem 1.6 directly.

Corollary 1.7. For any field K representable in space O(log n), there is an algorithm in inplaceFLCL ⊆
inplaceFCL which, given read-only access to a matrix A ∈ Kn×n, replaces a matrix B ∈ Kn×n with AB
in-place.

Proof. To compute B 7→ AB, simply apply the algorithm from Theorem 1.6 to each column of B one-at-
a-time. To compute B 7→ BA, we first replace B with BT , use the previous algorithm to replace BT with
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ATBT , and then take the transpose to obtain (ATBT )T = BA. (Note that matrix transpose is in inplaceFL
using the swapping algorithm from Lemma 3.23. ■

A more intriguing extension is to invert a matrix A in-place. We show how to do this in inplaceFCL. Our
algorithm requires the catalytic tape to contain an invertible matrix B the same size as A. This requires
two preprocessing steps which we defer to the appendices.

First, it relies on the notion of a field-catalytic subroutine, by which we mean a uniform family of Turing
machines where the catalytic tape stores field elements rather than bits. This is nontrivial because of the
possibility that the catalytic tape may start with invalid representations of field elements; we postpone
discussion of this issue (and the definition of field-catalytic subroutine) to Appendix A.

Now assuming that we can work over field elements on the catalytic tape, the second step is to process the
tape to ensure it has an invertible matrix on it. We prove the following lemma in Appendix B; the proof
involves compressing non-invertible matrices and contains techniques that may be of independent interest.

Lemma 7.2 (Putting an invertible matrix on the catalytic tape). There exist field-catalytic subroutines C,D
which perform as follows for any field K representable in b = O(log n) bits. Let t = ⌈ n logn

log |K|⌉+n, C transforms

a vector τ ∈ Ktn2

on its catalytic tape in-place into a vector C(τ) ∈ Ktn2

whose first n2 coordinates are the
entries of an n × n invertible matrix, and additionally produces an output key(τ) ∈ {0, 1}O(logn). D, when
supplied with the string key(τ), transforms the catalytic tape from C(τ) back to τ in-place.

We are now ready to give our in-place inversion algorithm:

Corollary 1.8. For any field K representable in space O(log n), there is an algorithm in inplaceFLCL ⊆
inplaceFCL which replaces a matrix A ∈ Kn×n with A−1 in-place.

Proof. Below, we describe an algorithm that stores field elements rather than bits on the catalytic tape.
Appendix A makes the meaning of this precise: in particular, Lemma A.2 shows that the below algorithm
can be converted to work with a catalytic tape that stores bits rather than field elements.

We first apply Lemma 7.2 to obtain an invertible matrix B ∈ Kn×n on the catalytic tape.

By Corollary 1.7, the following process can be performed in FCL:

i) replace ⟨A,B⟩ with ⟨AB,B⟩
ii) replace ⟨AB,B⟩ with ⟨AB,B(AB)−1⟩ = ⟨AB,A−1⟩

iii) replace ⟨AB,A−1⟩ with ⟨A−1AB,A−1⟩ = ⟨B,A−1⟩
iv) swap B and A−1 using Lemma 3.23 to obtain ⟨A−1, B⟩

Note that the second step uses the fact that for any given matrix C—in our case C = AB is written in
memory—we can compute any entry of C−1 in FCL by Lemma 3.22.

Since the matrix B was restored to the catalytic tape, Lemma 7.2 allows us to then restore the catalytic
tape to its original state. ■

8 A relativization barrier to CL ⊆ P

In our final section, we give an oracle O such that CLO = EXPO. Our main tool will be ideas from
hypercube routing, similar to those used in Section 5. We construct an oracle that provides useful in-
place transformations for our catalytic tape while simultaneously not revealing too much information to an
exponential-time machine.

Theorem 8.1. There exists an oracle O such that CLO = EXPO.
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Proof. We will define, for every d ∈ N, a pair of oracles S(d) (the “successor” oracle) and P (d) (the “password”
oracle), and we will let O be the infinite union of all of these oracles.

Our successor oracles are of the form

S(d) : {0, 1}d × {0, 1}10 log2(d) → ([d] ∪ {⊥})× {0, 1}10 log2(d).

One should imagine S(d) as implicitly defining a directed graph on {0, 1}d×{0, 1}10 log2(d) with outdegree 1.
S(d)(x, y) = (⊥, y′) indicates that (x, y) has a directed edge to (x, y′), while S(d)(x, y) = (i, y′) means that
(x, y) has a directed edge to (x + ei, y

′) where ei is the standard basis vector (0, . . . , 0, 1, 0, . . . , 0).

Our password oracles are of the form

P (d) : {0, 1}d × {0, 1}10 log2(d) × {0, 1}∗ × {0, 1}∗ × {0, 1}∗ → {0, 1,⊥}.

The password oracle takes as input the name of a vertex v ∈ {0, 1}d × {0, 1}10 log2(d), the description of an
oracle Turing machine M , an input x, and a number of timesteps t11. When v is a “valid password”, and
t is “sufficiently small”, the password oracle simulates M ’s computation with an O oracle on input x for
t timesteps (our construction will ensure that this definition is not circular) and, if M halted, outputs its
answer. If v is not a valid password, or M does not halt after t steps, or if t is “too large”, P (d) returns ⊥.

In order to construct these oracles, we define the following game:

Definition 8.2 (Cycle-hiding game). Let Qn denote the hypercube on 2n vertices and Kn denote the clique
on n vertices. The cycle-hiding game is played by two players on graph G(d) = Qd×Kd10 , with the subset
S = Qd × {1} designated as start vertices. In each round of a game, the first player, whom we call the
cycle hunter , selects a previously unselected vertex, and the second player, whom we call the cycle hider ,
must respond by either 1) naming one of that vertex’s neighbors as its “successor”, or 2) declaring that it
has no successor. After R rounds of this game, the cycle hunter wins if either

i) the cycle-hider has revealed a cycle in the successor relations, or

ii) there exists no way for the cycle-hider to define successor relations for the remaining vertices while
ensuring that every start vertex belongs to a cycle containing no other start vertices.

The intuition behind Definition 8.2 is as follows. The start vertices correspond to the starting configurations
sτ = ⟨τ, 010 log d⟩ of the catalytic machine. The cycle-hider’s answers will define the successor oracle S(d),
which specifies for a given catalytic configuration a successor configuration obtained by modifying 10 log d
bits of workspace, as well as possibly a single bit of the catalytic tape. If the cycle-hider always answers
in a way that is consistent with each start vertex lying on its own cycle, this means that each sτ lies on
its own cycle defined by S(d), and thus applying S(d) enough times in succession, we will eventually return
to sτ and thus reset the catalytic tape. Furthermore, while traversing this cycle we want sτ to eventually
reach a password that is accepted by P (d), but which is not discovered by any machine running in (small)
exponential time; hence the goal of the cycle-hider is to never actually reveal a complete cycle, giving us
room to hide at least one password per starting tape τ . The combinatorial core of our proof is the fact that
the cycle-hider can indeed win this game:

Lemma 8.3. For sufficiently large d, if the number of rounds is less than 2d/100, then the cycle-hider has a
winning strategy in the cycle-hiding game on G(d).

We now go through the formal definition of the oracle O assuming Lemma 8.3, which we prove at the end of
this section. We imagine an infinite number of instances of the cycle-hiding game of Lemma 8.3 being played
simultaneously, one for each d ∈ N (except for those finitely many d such that Lemma 8.3 does not apply;
for those small d we can just let the oracle always output ⊥). The cycle-hunter’s strategy will be determined
by an enumeration of all oracle Turing machines, and the cycle-hider’s responses, as given by the winning

11In the oracle model where the content of each oracle query must consist of a subinterval of the input alongside a subinterval
of the catalytic tape, one might be concerned that our eventual construction does not leave sufficient room for the CL machine
to write down t in its query. This can be circumvented by e.g. only encoding timestep counts of the form 2n

c
, in which case

we can represent a timestep count just by writing down c.
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strategy guaranteed in Lemma 8.3, will let us iteratively construct S(d) and P (d). The oracle construction is
as follows:

Consider a dovetailing enumeration of all oracle Turing machines: first, simulate the lexicographically first
oracle Turing machine for one step, then the lexicographically first two oracle Turing machines for two steps
each, and so on. (Here, for the purposes of the enumeration, we consider the input as part of the machine’s
description.)

Every time a machine makes an oracle query, it makes a query q to either S(d) or P (d) for some d ∈ N. In
either case, if game d is not over, and q has not yet been queried in game d, we consider q as a new move
by the cycle-hunter in game d, and we determine a successor according to the cycle-hider’s response. We fix
S(d)(q) to be equal to this successor, and fix all the values P (d)(q, ·, ·, ·) = ⊥. At the end of each game we
will completely fix the behaviors of S(d) and P (d), so if the game is over or q has already been queried, the
response of the oracle is determined.

Once 2d/100 distinct queries have been made in a particular game d, we consider the game as over. Since the
cycle-hider followed a winning strategy, there must now exist some way to complete the definition of S(d)

and ensure that every start vertex v ∈ {0, 1}d× 010 log2(d) is on a unique cycle, while also ensuring that each
cycle has a vertex that has not been queried thus far. We fix S(d)’s description to be such a completion. Note
that for every d ∈ N, S(d) will eventually be fixed since for every input to S(d), there is a Turing machine
which eventually queries it, so game d must eventually end.

Once game d concludes, we also fix the oracle P (d). P (d)’s “passwords” will consist of all vertices in the game
d that have not yet been queried by any machine in the enumeration by the time game d ends. (i.e. every
vertex for which we have not already fixed P (d)(v, ·, ·, ·)’s output to be ⊥. Observe that, since they haven’t
been queried yet, we are free to fix P ’s oracle responses arbitrarily on these vertices without impacting any
of the previous gameplay.) If v is a valid password, and M on input x was already simulated for at least
t timesteps in the dovetailing enumeration by the time game d ended, then P (d)(v,M, t, x) will output the
state of machine M at time t (i.e. P (d)(v,M, t, x) = 1 if M has accepted after t timesteps, 0 if M has rejected
after t timesteps, ⊥ if it has yet to halt). Otherwise, P (d)(v,M, t, x) will output ⊥.

This completes the description of the oracle O; it now remains to show that CLO = EXPO. Note that since
the proof that CL ⊆ ZPP ⊆ EXP is relativizing, we have CLO ⊆ EXPO (under the standard oracle definition
Definition 3.7). It therefore suffices to show that, for any c, and any TIME[2n

c

]O machine M , there exists

a CLO algorithm deciding the same language L(M). Since a TIME[2n
c

]O machine is also a TIME[2n
c′

]O

machine for any c′ > c, we can assume without loss of generality that c > |M |, the description length of the
machine (not including the length of its input).

Let d = 300nc. Our catalytic algorithm will use d + 10 log(d) catalytic space and O(log d) work space on
inputs of length n. The algorithm works as follows. In the following, c denotes the catalytic space and w
denotes the first 10 log(d) bits of workspace.

Algorithm 3: CLO algorithm for L(M)

1 a← 0
2 do
3 (i, y′)← S(d)(c, w)
4 c← c + 1i
5 w ← y′

6 if P (d)(c, w,M, 2n
c

, x) ̸= ⊥ then
7 a← P (d)(c, w,M, 2n

c

, x)
8 end

9 while w ̸= 010 log(d)

10 return a
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Our Algorithm 3 follows the chain of successors from its starting configuration, and terminates when it
returns to any start configuration s ∈ {0, 1}d × 010 log d.

We first show that Algorithm 3 is in fact a catalytic algorithm. Algorithm 3 clearly only requires O(log d) =
O(log n) auxiliary work space since the stored values i and y are O(log d) size values, and all operations can
be done using only O(log d) extra work space. By construction of S(d), any walk starting from (c, 010 log(d))
will eventually reach (c, 010 log(d)) again. Therefore, our algorithm eventually terminates. The fact that it
returns the catalytic tape to its original position follows from the fact that no walk starting from (c, 010 log(d))
ever reaches a start vertex s ∈ {0, 1}d × 010 log d other than (c, 010 log(d)).

We now show that Algorithm 3 outputs L(M). Observe that, by our construction of S(d) and therefore G(d),
(c, w) is on a cycle containing at least one password vertex. This follows from the fact that all vertices not
queried by the cycle hunter in the game d were deemed valid passwords and the cycle hunter did not find a
cycle. Therefore, our catalytic algorithm is guaranteed to find a password. In other words, there will exist
a point in Algorithm 3 where it makes query P (d)(c, w,M, 2n

c

, x) such that c, w is a valid password.

All that remains to be shown is that when c, w is a valid password, P (d)(c, w,M, 2n
c

, x) ̸= ⊥. It is sufficient
to show that when game 300nc is declared over, M has already been simulated for at least 2n

c

steps. Observe
that, when M ’s 2n

c

th step is simulated, the total number of oracle queries made thus far in the enumeration

can be at most max
(
2n

c

, 2|M |+|x|)2 since the dovetailing enumeration has run for at most that many total

steps. Since c > |M |, we have nc > |M |+ n, so the number of oracle queries made is at most
(
2n

c)2
= 22n

c

.

The game doesn’t conclude until 2300n
c/100 = 23n

c

queries have been made, so t is a “sufficiently small” time
bound for oracle P (300nc) to answer the query (v,M, t, x), meaning that our CLO algorithm can successfully
simulate M on x. ■

Lastly, we prove Lemma 8.3, giving a strategy for the cycle-hider on G(d). To do so, we utilize some ideas
from the network routing literature.

Definition 8.4. We define the bit-fixing path from x ∈ {0, 1}d to y ∈ {0, 1}d as the path x1x2x3 . . . xd →
y1x2x3 . . . xd → y1y2x3 . . . xd → · · · → y1y2y3 . . . yd.

The following fact, Lemma 8.5, is a classic result of Valiant. In Valiant’s setup, we have a network which is
a d dimensional hypercube where the vertices are people/servers and connections are edges. Each vertex v
wishes to transmit a packet from itself to a different vertex f(v) using connections in the hypercube. The
goal is to find a routing scheme where packets are delivered from v to f(v) for all v ∈ {0, 1}d but at any
given point in time, congestion — the maximum number of packets at any given vertex — is minimized.
Valiant’s insight is that routing each packet to a random vertex (via the bit-fixing path) before routing it
to its destination (via the bit-fixing path) yields low congestion, only O(d). As this scheme takes O(d) time
steps, we are furthermore guaranteed that at most O(d2) packets pass through any given vertex across all
timesteps.

Lemma 8.5 ([Val92]). Let f : {0, 1}d → {0, 1}d be a permutation and N(a, b, c) be the multi-set of all
vertices occurring on the bit-fixing path from a ∈ {0, 1}d to b ∈ {0, 1}d and the bit-fixing path from b to
c ∈ {0, 1}d. Let r : {0, 1}d → {0, 1}d be drawn uniformly from all functions from {0, 1}d to {0, 1}d. Let us
now define S to be the following multi-set.

S =
⋃

v∈{0,1}d

N(v, r(v), f(v))

With 1− negl(d) probability over the choice of r, no element occurs in S more than O(d2) times.

This randomized routing trick is the key ingredient in defining a winning strategy for the cycle-hider.

Proof of Lemma 8.3. It suffices to show a randomized strategy for the cycle-hider that wins with positive
probability. Recall that the game is played on the graph Qd×Kd10 . We will talk about this as a d-dimensional
hypercube with “capacity” d10 at each vertex. Formally, for each x ∈ {0, 1}d, the cycle-hider keeps track of
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a set Ax ⊆ [d10] which is initialized to {1}. The capacity of x ∈ {0, 1}d is d10 − |Ax|. When we say that
we choose x ∈ {0, 1}d to be the successor of some vertex (y, i) ∈ Qd ×Kd10 , what we actually mean is that
we choose the lexicographically first vertex from x × ([d10] \ Ax) to be the successor of (y, i), and add the
corresponding value to Ax. From this point on, we will only talk about paths and successors over {0, 1}d
while being mindful of the capacity of each node. We will say that two paths collide at a vertex v ∈ {0, 1}d
if those paths both include v — note that we do not actually get a collision between the corresponding paths
in Qd ×Kd10 unless more than d10 many paths all collide at v.

The cycle-hider will maintain the invariant that each start vertex lies on a single chain of successors that
does not intersect itself or any other chain. We will call the last vertex along this chain the “head”, and the
first vertex along the chain the “tail”. At the start of the game, each start vertex is both the head and tail
of its path.

Now, whenever the cycle-hunter makes a query q = (v, i) involving a vertex v ∈ Qd, the cycle-hider will
respond by fixing some successor relations as follows. (Note that, although the cycle-hunter only requests a
single successor relation, in each round of our strategy the cycle-hider will also commit to values for many
other successor relations.)

i) One-at-a-time (say, in lexicographic order), for each active head h within Hamming distance d/10 from
v, choose 10 new random points h1, h2, . . . , h10 uniformly at random from Qd. If all vertices along the
bit-fixing path from h to h1 have at least d9 capacity remaining, declare h1 to be the new active head
of h’s path, and reveal a chain of successors from h to h1 along that bit-fixing path. Else, do the same
for h2. Else, h3, and so on. If all 10 of these bit-fixing paths would pass through a vertex with less
than d9 capacity remaining, simply forfeit the game.

ii) Do the same for each active tail t within Hamming distance d/10 from v — that is, choose 10 candidates
t1, t2, . . . , t10 uniformly at random, and reveal a chain of successors along the bit-fixing path from one
of them to t (or forfeit the game if all of those bit-fixing paths pass through vertices with less than d9

remaining capacity).

iii) If any of the hi or ti chosen at any of those steps lie within distance d/10 of a point that the cycle-hunter
has previously queried in the course of the game, forfeit.

iv) If, by this point in time, the successor of q = (v, i) has not yet been determined, simply set its successor
to be itself. Reveal the successor of q.

This gives some well-defined strategy for the cycle-hider. To show that this is a winning strategy with
positive probability, it suffices to show two things: first, with high probability the cycle-hider will never
have to forfeit, and secondly, conditional on not forfeiting, at the end of the game the cycle hider is indeed
able to specify disjoint paths between the active head and tail of every path. For the former, we divide the
probability of forfeiting into several separate bad events, whose probabilities we bound separately.

Bad event 1: a new head or tail candidate is chosen near a previously-queried vertex. Consider
the event that, when we choose some hi or ti, it lies within distance d/10 from some previously queried
vertex. There are

(
d

d/10

)
≤ 2dH(1/10) ≤ 2.47d vertices within distance d/10 from any given vertex, where H(·)

is the binary entropy function. Since the game lasts for 2d/100 rounds, this means that on any given round
of the game there are at most 2.47d+d/100 vertices within distance d/10 from any previously-queried vertex.
On a given round, we choose up to 10 · 2.47d · d10 new candidate heads and tails, each independently and
uniformly at random among all vertices in the graph. So, by union bound, across all rounds, the probability
that we ever choose such a new head or tail within distance d/10 from a previously queried vertex is at most

2d/100 · (10 · 20.47d · d10) · 2
0.47d+d/100

2d
= o(1).

Bad event 2: all candidate bit-fixing paths pass through previously-queried vertices. Recall
that we forfeit the game if, for some h for which we are choosing new active heads, it is the case that for
all i = 1, 2, . . . , 10, the bit-fixing path h → hi passes through some vertex ui with less than d9 capacity
remaining. There are two ways a vertex can have its capacity depleted. One is that we choose to route
bit-fixing paths through it, while the other is that the cycle-hunter queries the vertex directly. For this bad
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event, we will consider the case that all of u1, u2, . . . , u10 have been queried directly by the cycle-hunter in
rounds before the current one.

For any specific h, let us consider the probability over h1, h2, . . . , h10 that all of these bit-fixing paths pass
through vertices queried on previous rounds. Observe that, since we would have forfeited if bad event 1 had
occurred, and because we always choose new active heads for the vertices within distance d/10 to each query,
there must be no previously-queried vertices within distance d/10 from h. For a fixed vertex u of distance
at least d/10 from h, we know that the probability over a uniform random h′ that the bit-fixing path from
h to h′ passes through u is at most 2−d/10, since h′ must agree with u in all coordinates where h disagrees
with u. As the game lasts for only 2d/100 rounds, there are at most 2d/100 previously-queried vertices, so by
union bound there is at most a 2d/100−d/10 chance that the bit-fixing path from h to h′ passes through any
previously-queried vertex. As h1, h2, . . . , h10 are chosen independently, the chance that this happens for all
of them is therefore at most (2d/100−d/10)10.

Now, union bounding over the at most 2d/100 · 20.47d · d10 times we must choose these 10-tuples of bit-fixing
paths over the course of the game (noting that the case of tails is symmetric to the case of heads), we get
that the probability of bad event 2 ever occurring is at most 2d/100 · 20.47d · d10 · (2d/100−d/10)10 = o(1).

Bad event 3: a vertex runs out of capacity before it is queried. Now, the only remaining way for
the cycle-hider to forfeit is if at least one of the bit-fixing paths h→ hi or ti → t she chooses passes through
a vertex u with less than d9 capacity remaining, despite u never having been queried prior to this round.
In order for this to be the case, it must be that, when we consider all of the bit-fixing paths we select at
any point in the game, there is some vertex that appears in at least d9 of them. If we consider not just all
of the bit-fixing paths we select, but also the paths h → hi and ti → t we looked at but didn’t use, since
this is a strictly larger collection of paths clearly there must also be some vertex appearing in at least d9 of
those. Now, observe that since each head or tail (aside from the start vertices) is a uniform, independent
random element of Qd, and over the course of the game we choose a total of at most 10 · 2d/100 · 20.47d ≤ 2d

of them, by a standard balls-in-bins calculation we will high probability never choose any single vertex more
than d times as a head or tail. So, another strictly larger set of paths would be to choose 10d independent
random bit-fixing destinations for every vertex of Qd. But even this large collection of paths will with high
probability have far fewer than d9 collisions everywhere: we can view it as 10d independent runs of Valiant’s
routing problem, each of which by Lemma 8.5 with with extremely high probability have fewer than O(d2)
collisions, so overall we will have at most 10d ·O(d2)≪ d9 paths pass through any given vertex.

Thus, with high probability the cycle-hider will never have to forfeit. Because there is always sufficient
capacity remaining at each vertex we route to, this procedure never connects a path to itself or to a different
path, so we maintain the property that no cycles have been created and no start vertex can reach any other
start vertex. In order to conclude the proof, all that remains is to show that at the end of the game there is
a way to connect each path’s head to its tail without any pair of paths intersecting.

To guarantee this, we take each head h, pick a random vertex r, declare a series of successors along the
bit-fixing path from h to r, and then declare a series of successors along the bit-fixing path from r to t,
the tail corresponding to h. Lemma 8.5 tells us that with high probability this will exhaust at most O(d2)
capacity anywhere. There may, however, be some vertices with less than d2 capacity remaining, in which case
we cannot choose those bit-fixing paths. However, since bad event 3 never happened, we know that the only
such vertices can be those which the cycle-hunter has queried. By the same analysis we used for bad event
2, we know that any given one of these random routes has at most a 2 · 2d/100−d/10 < .5 chance of passing
through one of these capacity-depleted vertices. So, if we simply ignore the routes that pass through vertices
with insufficient capacity, we have still successfully paired off at least half of the head-tail pairs we needed
to. Thus, if we repeat Lemma 8.5 d times (each time among the unpaired head-tail pairs), we will eventually
find paths for every head-tail pair, while introducing at most d ·O(d2)≪ d9 collisions anywhere. ■
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A Handling invalid field elements on the catalytic tape

All of our algorithms describe Turing machines with the tape alphabet {0, 1}, but sometimes we want to
do computations over some finite field K. For the most part, this is easily resolved by requiring the field
elements to have representations in {0, 1}b for some b (Definition 3.20) — then we simply partition a section
of tape into b-bit blocks, and think of each block as one field elements.

Algorithms that read and write field elements on the catalytic tape require more care. For example, if
K = GF(3) and its elements are represented as 00, 01, 10 ∈ {0, 1}2, then it’s not clear what to do if the
catalytic tape starts with the bits 111111 and the algorithm attempts to, for example, add 1 to the first field
element on the catalytic tape.

This is similar to a problem originally faced by Buhrman, Cleve, Koucký, Loff, and Speelman [BCKLS14]
when transforming their register program for TC1 circuits into a catalytic algorithm: the catalytic tape will
not always start with valid representations of ring elements. Our approach is similar to theirs: we ignore
b-bit blocks of catalytic tape that contain invalid field elements. If the tape starts with too many invalid
field elements, we first apply a transformation to each b-bit block, similar to how Cook and Pyne [CP25]
handle this case.

Definition A.1. A field-catalytic subroutine12 is a family of Turing machines (MK) indexed by representable

12Despite the word catalytic, a field-catalytic subroutine doesn’t necessarily restore its catalytic tape. Rather, field-catalytic
subroutines are used as algorithms which modify the catalytic tape in some desirable way which can later be reversed.
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fields K. Each machine MK has K as the alphabet for its catalytic tape, and the family must be uniform, in
the sense that there is a single universal Turing machineM which, given a description of a representable field
K (including Turing machines that compute its operations ADD,MULTIPLY,VALID), outputs a description
of the corresponding machine MK .

Lemma A.2. Any field-catalytic subroutine A can be simulated by a catalytic subroutine A′, where if A
uses poly(n) cells (field elements) on the catalytic tape and O(log n) bits of work space, then A′ uses poly(n)
catalytic space and O(log n) work space, as long as the field K is representable in b = O(log n) bits. If A
always restores its catalytic tape to its starting state (a vector in Km), then A′ also restores its catalytic
tape to its starting state (a string in {0, 1}m′

).

To prove this, we begin with a simple lemma that helps the algorithm A′ prepare the catalytic tape with
sufficiently many valid field elements.

Lemma A.3. For any b ∈ N, nonempty S ⊆ {0, 1}b, and sequence a1, . . . , aℓ ∈ {0, 1}b, there exists some

x ∈ {0, 1}b such that ai ⊕ x ∈ S for at least
⌈
|S|
2b

ℓ
⌉

distinct indices i. (Here, ai ⊕ x denotes the b-bit string

whose j-th bit is the sum of the j-th bits of ai and x modulo 2.)

Proof. Let T = {(i, x) ∈ [ℓ]× {0, 1}b | ai ⊕ x ∈ S}. For x ∈ {0, 1}b, let Tx = {i ∈ [ℓ] | (i, x) ∈ T}. It suffices

to show |Tx| ≥ ⌈ |S|
2b
⌉ for some x ∈ {0, 1}b.

For any fixed i, the set {ai⊕ x | x ∈ {0, 1}b} exactly equals {0, 1}b, and so it contains every element of S. It

follows that |T | = ℓ|S|, and so since |T | =
∑

x∈2b |Tx|, there must be some x ∈ 2b such that |Tx| ≥ ℓ|S|
2b

. ■

Proof of Lemma A.2. Let n be the length of the input, and let K be the field, representable in space b.

Let m be the number of catalytic tape cells algorithm A uses. Then A′ will use ⌈ |K|
2b
⌉mb bits of catalytic

space, and operates as follows.

A′ treats its catalytic tape as consisting of ⌈ 2
bm
|K| ⌉ blocks with b bits each. By Lemma A.3, for any starting

configuration of the tape, there must exist some x ∈ {0, 1}b such that after replacing each block’s initial
value τi with τi ⊕ x, at least m of the tap blocks start with valid encodings of field elements. A′ can find
such an x by trying each possibility. It then records the x it used on its work tape, and uses it to reverse
the transformation at the end of the algorithm.

Then, A′ simulates A by skipping over invalid b-bit blocks of catalytic tape. That is, if A wishes to read from
or write to the i-th tape cell, A′ finds the i-th tape cell accepted by VALID and applies the corresponding
operation to that one. Note that during this simulation, a block never changes from valid to invalid or
vice-versa, so for any fixed i, the i-th cell of the catalytic tape of A always corresponds to the same b-bit
block on the catalytic tape of A′, and if A restores its tape, then each tape block of A′ is restored to its
starting value τi ⊕ x, which A′ then transforms back to τi at the end of the simulation. ■

B Compressing non-invertible matrices

In this appendix we will state a number of lemmas, chiefly revolving around a compress-or-random argument
for non-invertible matrices, that can be used to prove Lemma 7.2.

B.1 Compressing non-invertible matrices

Here we show how to compress non-invertible matrices in-place to save space.

Lemma B.1 shows how to compress a single non-invertible matrix from n2b bits to n2b− 1 bits, but only if
the field is exactly representable in b > 1 bits (and in particular, the field’s size must be a power of two).
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Lemma B.1 (Compressing one non-invertible matrix over certain fields). Let K be a field exactly repre-

sentable in b = O(log n) bits, where b > 1. There exist inplaceFCL algorithms Comp : {0, 1}n2b → {0, 1}n2b−1

and Decomp : {0, 1}n2b−1 → {0, 1}n2b such that Decomp(Comp(Q)) = Q for any non-invertible matrix
Q ∈ Kn×n.

Proof. Let c1 . . . cn be the columns of Q, and note that there exists an index i ∈ [n] such that cn−i+1 is a
linear combination of c1 . . . cn−i over K.

Fix i to be the largest such value, so that c1 . . . cn−i are linearly independent over K. Extend this collection
of n− i vectors to a basis c1 . . . cn−i, ej1 . . . eji by adding i standard basis vectors. To make sure this choice
is deterministic, depending only on the matrix Q, at each step k ∈ [i], set jk to be the smallest index such
that ejk is linearly independent from the vectors already chosen.

There are two important properties of the sequence j1 . . . ji.

First, it can be computed in FCL given c1 . . . cn−i. To see this, note that for each k, jk is the smallest value
such that the matrix with columns c1 . . . cn−i followed by the first jk standard basis vectors has rank at least
n− i + k, and matrix rank can be computed by Lemma 3.22.

Second, given vector cn−i+1 ∈ Kn but with the coordinates at indices j1 . . . jk erased, it is possible to recover
in-place the vector ci in FCL. That is, if a vector c′ ∈ Kn is written on the catalytic tape, and c′ agrees with
cn−i+1 on coordinates other than j1 . . . jk, it is possible to replace c′ with cn−i+1 in-place. Here is how to
do this. Using Lemma 3.22, we can in FCL invert the matrix whose columns are c1 . . . cn−i, ej1 . . . eji , and
thus compute coefficients coefficients (ak) and (bℓ) so that c′ = a1c1 + · · · + an−icn−i + b1ej1 + · · · + bieji .
If all of b1 . . . bi are zero, then c′ = cn−i+1, so we’re done. Otherwise, record on the work tape the index k
of some nonzero bk, and the value bk itself, and then subtract bkejk from c′ in-place. Then start over. Each
time this process is repeated, one more coefficient bk will be set to zero, so the algorithm will finish after at
most i repetitions.

Our compression algorithm Comp now works as follows. Given Q, we find this first index i, which we record
in binary on the work tape for the moment. Now we erase the entries at indices j1 . . . ji of cj , freeing up
b bits each, for a total of bi bits freed. Each time we erase an entry, we shift the rest of the space used to
store the matrix Q forward, so that in the end, the first bi bits (of the space originally used to store Q) are
unused.

We are not quite done, since although we’ve freed bi bits, we cannot recover the matrix Q without knowing
the value i, which is currently stored on the work tape. We complete the compression as follows. Replace
the first i + 1 bits with the string 01i−10. This serves two purposes. First, the first bit is always zero, and
thus may be considered truly freed: we have compressed from n2b to n2b− 1 bits. Second, the string 1i−10
is a prefix encoding of the number i. The decompression algorithm can recover i by counting the number of
1s that appear before the first 0. The reason we encode i in unary instead of binary is to guarantee that the
encoding always takes fewer than bi bits. (Notice this also requires b > 1, which is why this lemma does not
work for the field K = GF(2).)

For Decomp, we first infer i as the number of 1s seen before the first 0 (plus one). We can now determine
the indices j1 . . . ji using c1 . . . cn−i, and for each index jk in reverse order, we recompute the jkth entry of
cn−i+1 and insert it into the correct location, shifting the rest of Q as needed. ■

For other fields, we use a slightly different approach. We treat the tape as storing field elements rather than
bits (as discussed in Appendix A), and we compress a sequence of matrices Q1 . . . Qs rather than a single
matrix Q. Lemma B.2 compresses a sequence of m non-invertible matrices from mn2 field elements down
to mn2 − 1 field elements, for sufficiently large m. The input and output lie on a catalytic tape whose cells
store field elements rather than bits, a notion made precise in Definition A.1 (field-catalytic subroutine).

Lemma B.2 (Compressing a sequence of non-invertible matrices over any field). Let K be a field repre-
sentable in space b = O(log n). Let s ≥ n logn

log |K| + n. There exist field-catalytic subroutines Comp,Decomp
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which operate as follows on a catalytic tape made out of sn2 elements of K. If the catalytic tape starts with
s non-invertible matrices, then Comp changes it in-place in such a way that the last cell of the catalytic tape
is 0. Running Decomp after Comp restores the catalytic tape. (If the tape didn’t start with non-invertible
matrices, there is no such guarantee.)

Proof. Similar to the proof of Lemma B.1, for each t, let it be the largest value such that the first n − it
columns of Qt are linearly independent. We will use a similar approach to Lemma B.1, but we are no longer
guaranteed to be able to store an index it in less space than it takes to store it field elements, so we need to
change something.

By averaging, there exists an index i∗ such that it = i∗ for at least s/n ≥ log|K| n + 1 of the matrices Qt.
We record the index i∗ in our free space, and then encode each Qt as follows.

• In all cases, the encoding of begins with the first n− i∗ columns of Qt copied exactly.

• If it > i∗, then the encoding continues with the remaining columns also copied exactly, so Qt is simply
encoded as itself.

• If it < i∗, then the encoding continues with it − 1 ones followed by a zero: a unary encoding of it.
Then, we copy each remaining column of Qt, except that in the it-th column, we omit the entries at
indices j1, . . . , jit , where those indices are determined in the same way as in the proof of Lemma B.1.

• The case it = i∗ is handled similarly, except we omit the final zero in the unary encoding of it.

Since we save one field element per Qt which compresses the i∗th column, this gives us at least s/n ≥
⌈log|K| n⌉+ 1 free field elements. We use ⌈log|K| n⌉ of them to encode i∗, and save one field element overall.

Our decompression Decomp is as follows. After recording i∗, we consider each Qt in turn. First, if the first
n− i∗ columns contain a linear dependence, we leave Qt untouched, as i > i∗ for this matrix. Otherwise, we
discern i from field elements following the first n− i∗ columns, knowing that i ≤ i∗ and thus a sequence of
i∗ ones indicates that i = i∗. Now given i, we decompress as in Lemma B.1. ■

B.2 An alternative approach

We mention a second approach for putting an invertible matrix on the catalytic tape, which works for just
a single matrix (unlike Lemma B.2), but is not a pure compression argument, as it instead may only “fix”
the given non-invertible matrix.

Lemma B.3 (Compress-or-fix for non-invertible matrices). Let K be a field representable in space b =
O(log n). There exists field-catalytic subroutines Comp,Decomp,Fix which operate as follows on a catalytic

tape made out of n2 elements of K. If the catalytic tape starts with a non-invertible matrix Q ∈ Kn2

, then
running Comp will either (a) compress the tape, meaning leave the tape in a state where its last tape cell is
0 and running Decomp will restore it, or (b) signal failure and leave Q unchanged. In case (b), the algorithm

Fix will change Q into an invertible matrix B ∈ Kn2

such that B and Q differ in only a constant number of
locations; Fix will also output those locations and their original values.

Proof. Let k ≥ 2 be any constant. We again repeat the algorithm Comp from Lemma B.1, but with the
compression split into two cases based on the index i of the compressible row. If i > k, we record i − k
in unary as i − k − 1 ones followed by a zero, and as before, free i catalytic tape cells, netting at least
k − 1 ≥ 1 tape cells saved in the compressed representation. Decomp will be the same as before with the
new interpretation of i.

If i ≤ k, Comp signals failure, and now we describe how Fix behaves. In this case, the first n− i columns are
linearly independent, so we only need to fix the last i columns. Each of those columns can be made linearly
independent from the previous columns by changing at most one entry (since the n standard basis vectors
can’t all be linear combinations of the previous columns), so Q can be transformed into an invertible matrix
by changing at most i ≤ k entries in total. ■
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B.3 Proof of Lemma 7.2

Finally, it is straightforward to iterate the above lemmas to prove Lemma 7.2.

Proof of Lemma 7.2. We will complete this proof using Lemma B.2, but it can also be proved in much the
same way using Lemma B.3, or Lemma B.1 if K is exactly representable.

Our catalytic tape will have length tn2 (where t = ⌈ n logn
log |K|⌉+n as in the lemma statement). We interpret the

last (t − 1)n2 cells as a sequence of matrices Q1, . . . , Qt−1 ∈ Kn2

, and our goal will be to put an invertible
matrix in the first n2 cells.

Initialize variable i to zero; i counts how many of the first n2 cells we’ve freed so far. Then we repeatedly
do the following. Check whether any of the matrices Q1, . . . , Qs is invertible. If so, swap it with the first n2

tape cells and stop. Otherwise, apply the algorithm Comp from Lemma B.2 to the last (t− 1)n2 tape cells.
The last tape cell will then be 0. Swap it with the i-th tape cell, and then increase i by one.

Repeating the above steps, eventually either an invertible matrix will be found, or i will reach n2. In the
latter case, the first i2 tape cells are all zero, and we may simply write the identity matrix (or any other
invertible matrix) to those cells.

We have successfully found an invertible matrix; all that remains is to describe the algorithm D which
restores the tape, and the string key(τ) which C passes on to D as a helper. That latter string describes the
state C stopped in: the value of the variable i, and, if one of the matrices Qj was swapped with the first n2

tape cells, the index j. This is sufficient information for D to undo everything that C did, with the help of
the algorithm Decomp of Lemma B.2. ■
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